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Abstract
In this paper we propose a corrected semi-proximal ADMM (alternating direction
method of multipliers) for the general p-block (p≥ 3) convex optimization problems
with linear constraints, aiming to resolve the dilemma that almost all the existing
modified versions of the directly extended ADMM, although with convergent guar-
antee, often perform substantially worse than the directly extended ADMM itself
with no convergent guarantee. Specifically, in each iteration, we use the multi-block
semi-proximal ADMM with step-size at least 1 as the prediction step to generate a
good prediction point, and then make correction as small as possible for the middle
(p−2) blocks of the prediction point. Among others, the step-size of the multi-block
semi-proximal ADMM is adaptively determined by the infeasibility ratio made up
by the current semi-proximal ADMM step for the one yielded by the last correction
step. For the proposed corrected semi-proximal ADMM, we establish the global
convergence results under a mild assumption, and apply it to the important class of
doubly nonnegative semidefinite programming (DNN-SDP) problems with many lin-
ear equality and/or inequality constraints. Our extensive numerical tests show that
the corrected semi-proximal ADMM is superior to the directly extended ADMM
with step-size τ = 1.618 and the multi-block ADMM with Gaussian back substi-
tution [12, 14]. It requires the least number of iterations for 70% test instances
within the comparable computing time with that of the directly extended ADMM,
and for about 40% tested problems, its number of iterations is only 67% that of the
multi-block ADMM with Gaussian back substitution [12, 14].
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1 Introduction
Let Z1, . . . ,Zp and X be the real finite dimensional vector spaces which are equipped with
an inner product 〈·, ·〉 and its induced norm ‖ · ‖. We consider the following multi-block
convex minimization problem with linear constraints in which the objective function is
a sum of p (p ≥ 3) closed proper convex functions without overlapping variables:
min
zi∈Zi
∑p
i=1θi(zi)
s.t.
∑p
i=1A
∗
i zi = c, (1.1)
where θi : Zi → (−∞,+∞] for i = 1, . . . , p are closed proper convex functions, A
∗
i : Zi →
X for i = 1, . . . , p are the adjoint operator of Ai : X→ Zi, and c ∈ X is the given vector.
Throughout this paper, we assume that problem (1.1) has an optimal solution.
There are many important cases that take the form of (1.1). One compelling example
is the so-called robust PCA (principle component analysis) with noisy and incomplete
data considered in [34, 30] and the low rank matrix required to be nonnegative, which can
be modelled as (1.1) in which the objective function is the sum of the nuclear norm, the ℓ1-
norm, and the indicator function over the nonnegative orthant cone. Another prominent
example comes from the matrix completion with or without fixed basis coefficients [7, 18,
19], for which the nuclear norm and the nuclear semi-norm penalized least squares convex
relaxation problems exactly have a dual of the form (1.1). Another interesting example
is the simultaneous minimization of the nuclear norm and ℓ1-norm of some structured
matrix, which arises frequently from the structured low-rank and sparse representation for
image classification and subspace clustering [38, 36]. In Section 4 of this paper, we focus
on the solution of model (1.1) from the doubly nonnegative semidefinite programming
(DNN-SDP) problems with many linear equality and/or inequality constraints, which
arise in convex relaxation for some difficult combinatorial optimization problems.
The alternating direction method of multipliers (ADMM for short) was first proposed
by Glowinski and Marrocco [8] and Gabay and Mercier [9] for the convex problem
min
z1∈Z1,z2∈Z2
{
θ1(z1) + θ2(z2) | A
∗
1z1 +A
∗
2z2 = c
}
. (1.2)
Let lσ : Z1 × Z2 × X→ (−∞,+∞] be the Lagrange function of model (1.2) defined by
lσ(z1, z2;x) := θ1(z1) + θ2(z2) + 〈x,A
∗
1z1 +A
∗
2z2 − c〉+
σ
2
∥∥A∗1z1 +A∗2z2 − c∥∥2,
where σ > 0 is the penalty parameter. For a chosen initial point (z01 , z
0
2 , x
0) ∈ dom θ1 ×
dom θ2 × X, the ADMM consists of the following iteration steps
zk+11 ∈ argmin
z1∈Z1
lσ(z1, z
k
2 ;x
k), (1.3a)
zk+12 ∈ argmin
z2∈Z2
lσ(z
k+1
1 , z2;x
k), (1.3b)
xk+1 = xk + τσ
(
A∗1z
k+1
1 +A
∗
2z
k+1
2 − c
)
, (1.3c)
2
where τ ∈ (0, 1+
√
5
2 ) is a constant to control the step-size in (1.3c). The iterative scheme
of ADMM actually embeds a Gaussian-Seidel decomposition into each iteration of the
classical augmented Lagraigan method of Hestenes-Powell-Rockafellar [20, 21, 26], so
that the challenging task, i.e. the exact solution or the approximate solution with a high
precision of the Lagrangian minimization problem, is relaxed to several easy ones.
Motivated by the same philosophy, one naturally extends the above 2-block ADMM to
the multi-block convex minimization problem (1.1) directly. Let Lσ : Z1×· · ·×Zp×X→
(−∞,+∞] denote the augmented Lagrange function for model (1.1), defined by
Lσ(z1, . . . , zp;x) :=
∑p
i=1 θi(zi) + 〈x,
∑p
i=1A
∗
i zi − c〉+
σ
2
∥∥∑p
i=1A
∗
i zi − c
∥∥2
where σ > 0 is the penalty parameter. With a chosen initial point (z01 , . . . , z
0
p ;x
0) ∈
dom θ1 × · · · × dom θp × X, the multi-block ADMM consists of the iteration steps:
zk+11 ∈ argmin
z1∈Z1
Lσ(z1, z
k
2 , . . . , z
k
p ;x
k),
...
zk+1i ∈ argmin
zi∈Zi
Lσ(z
k+1
1 , . . . , z
k+1
i−1 , zi, z
k
i+1, . . . , z
k
p ;x
k), (1.4a)
...
zk+1p ∈ argmin
zp∈Zp
Lσ(z
k+1
1 , . . . , z
k+1
p−1 , zp;x
k),
xk+1 = xk + τσ
(∑p
i=1A
∗
i z
k+1
i − c
)
. (1.4b)
Many numerical results have illustrated that the directly extended ADMM with τ > 1
works very well in many cases (see, e.g., [33, 4, 12, 35, 27]). In particular, Wen et al.
[33] have utilized the 3-block ADMM with τ = 1.618 to develop an efficient software for
solving some SDP problems of large sizes. However, it was shown very recently by Chen
et al. [3] that in contrast to the 2-block ADMM, the directly extended 3-block ADMM
may diverge even if τ is sufficiently small. This dashes any hope of using the directly
extended multi-block ADMM without any modifications or any restrictions on θi or Ai.
In fact, before the announcement of [3], some researchers have made serious attempts
in correcting the possible divergent multi-block ADMM (see, e.g., [11, 15, 12, 13, 14, 5]).
Among them, the multi-block ADMM with Gaussian back substitution [12] distinguishes
itself for simplicity and generality. However, the recent numerical results reported in [27]
indicate that the multi-block ADMM with Gaussian back substitution (ADMMG for
short) requires more iterations and computing time than the directly extended ADMM
with τ = 1.618 for at least 75% test problems, and for 61.5% test problems it requires at
least 1.5 times as many iterations as the latter does. Now the dilemma is that almost all
modified versions of the directly extended ADMM, although with convergent guarantee,
often perform substantially worse than the directly extended ADMM with no convergent
guarantee. This paper will make an active attempt in getting out of the dilemma.
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We observe that the ADMMG [12] in each iteration makes a correction on the iterate
point yielded by the directly extended ADMMwith the unit step-size to achieve the global
convergence. As recognized by the authors in [12], the introduction of the correction step
often destroys the good numerical performance of the directly extended ADMM. It is well
known that the ADMM with τ = 1 always requires more 20% to 50% iterations than
the one with τ = 1.618. Thus, there is a big possibility that the iterate points yielded
by the directly extended ADMM with τ = 1 are insufficient to overcome the negative
influence of the correction step, which may interpret why the ADMMG even with little
correction (i.e., the correction step-size α is as close to 1 as possible) usually has worse
performance than the directly extended ADMM with the unit step-size. Motivated by
the crucial observation, we propose a corrected ADMM for problem (1.1) by imposing
suitable correction only on the middle (p−2) blocks of the iterate point yielded by the
multi-block semi-proximal ADMM with a large step-size, which is adaptively determined
by the infeasibility ratio made up by the current semi-proximal ADMM step for the
one yielded by the last correction step. Here, the multi-block semi-proximal ADMM,
instead of the directly extended ADMM, is used to yield the prediction step just for the
consideration that some subproblems involved in the directly extended ADMM are hard
to solve but the proximal operators of the corresponding θi’s are easy to obtain.
In contrast to the ADMMG [12] and the linearized ADMMG [14], our corrected semi-
proximal ADMM do not make any correction for the pth block and the multiplier block
of the prediction point. Although the correction step in [12, 14] would not make any
correction for the two blocks if the correction step-size takes 1, the global convergence
analysis there is not applicable to this extreme case. In addition, when the subproblems
involved in the directly extended ADMM are easy to solve, one may set the semi-proximal
operators to be zero, and then the corrected semi-proximal ADMM is using the directly
extended ADMM to yield the prediction step. However, for this case, the linearized
ADMMG [14] still uses a linearized version of the directly extended ADMM to yield the
prediction step except that all AiA
∗
i reduce to the identity and the proximal parameters
are all set to be the smallest one σ‖AiA
∗
i ‖. For the advantage of a semi-proximal term
over a strongly convex proximal term, the interested readers may refer to [6, 27].
For the proposed corrected semi-proximal ADMM, we provide the global convergence
analysis under a mild assumption for the operators Ai’s, and apply it to the dual problems
of five classes of doubly nonnegative SDP problems without linear inequality constraints
and a class of doubly nonnegative SDP problems with many linear inequality constraints,
which take the form of (1.1) with p = 3 and p = 4, respectively. Our extensive numerical
experiments for total 671 test problems demonstrate that the corrected semi-proximal
ADMM is superior to the directly extended ADMM with τ = 1.618 and the ADMMG
[12] and the linearized ADMMG [14], and it requires the least number of iterations for
about 70% test instances within the comparable computing time with that of the directly
extended ADMM. In particular, for about 40% test problems, the number of iterations
of the corrected semi-proximal ADMM is at most 70% that of the ADMMG [12, 14].
In the rest of this paper, we say that a linear operator T : X→ X is positive semidef-
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inite (respectively, positive definite) if T is self-adjoint and 〈u,Tu〉 ≥ 0 for any u ∈ X
(respectively, 〈u,Tu〉 > 0 for any u ∈ X\{0}), and write ‖u‖T =
√
〈u,Tu〉 for any u ∈ X.
2 A corrected semi-proximal ADMM
Choose the positive semidefinite linear operators Ti : Zi → Zi for i = 1, 2, . . . , p such that
all Ti +AiA
∗
i are positive definite. Define the mapping F : Z1 × Z2 × · · · × Zp → X by
F (z1, z2, . . . , zp) := A
∗
1z1 +A
∗
2z2 + · · · +A
∗
pzp − c. (2.1)
Next we describe the detailed iteration steps of the corrected semi-proximal ADMM.
Algorithm 2.1 (Corrected semi-proximal ADMM)
(S.0) Let σ > 0, α ∈ (0, 1) and τ ∈ (0, 1) be given. Choose a suitable small ε ∈ (0, 1/2),
a starting point
(
z01 , . . . , z
0
p , x
0
)
∈ dom θ1 × · · · × dom θp × X, and τ0 ∈ (1, 2). Set
z˜0i = z
0
i for i = 1, 2, . . . , p. For k = 0, 1, . . ., perform the kth iteration as follows.
(S.1) (Semi-proximal ADMM) Compute the following minimization problems
zk+11 = argmin
z1∈Z1
Lσ
(
z1, z˜
k
2 , . . . , z˜
k
p ;x
k
)
+ σ2‖z1 − z˜
k
1‖
2
T1 ,
...
zk+1i = argmin
zi∈Zi
Lσ
(
zk+11 , . . . , z
k+1
i−1 , zi, z˜
k
i+1, . . . , z˜
k
p ;x
k
)
+ σ2‖zi − z˜
k
i ‖
2
Ti ,
...
zk+1p = argmin
zp∈Zp
Lσ
(
zk+11 , . . . , z
k+1
p−1 , zp;x
k
)
+ σ2 ‖zp − z˜
k
p‖
2
Tp ,
(2.2)
and then update the Lagrange multiplier by the following formula
xk+1 = xk + τkσ
(
A∗1z
k+1
1 +A
∗
2z
k+1
2 + · · ·+A
∗
pz
k+1
p − c
)
, (2.3)
where
τk :=
{
min(1+δk, τk−1) if 1+δk > τ
τ otherwise
for k ≥ 1 (2.4)
with
δk =
‖F (zk+11 , z˜
k
2 , . . . , z˜
k
p )‖
2− ε
(
‖F (zk+11 , . . . , z
k+1
p )‖
2+‖A∗p(zk+1p −zkp)‖2
)
‖F (zk+11 , . . . , z
k+1
p )‖2
. (2.5)
(S.2) (Correction step) Set z˜k+1i = z
k+1
p , z˜
k+1
1 = z
k+1
1 and z˜
k+1
i for i = p−1, . . . , 2 as
z˜k+1i = z˜
k
i + α(z
k+1
i − z˜
k
i )−
∑p
j=i+1
(
Ti+AiA
∗
i
)−1
AiA
∗
j(z˜
k+1
j − z˜
k
j ). (2.6)
(S.3) Let k ← k + 1, and then go to Step (S.1).
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Since the positive semidefinite linear operators Ti for i = 1, 2, . . . , p are chosen such
that all Ti + AiA
∗
i are positive definite, each subproblem in (S.1) is strongly convex,
which implies that Algorithm 2.1 is well defined. An immediate choice for such Ti is
̺iI − AiA
∗
i with ̺i ≥ ‖AiA
∗
i ‖. Notice that (S.1) of Algorithm 2.1 is using the multi-
block semi-proximal ADMM to yield a prediction point, which can effectively deal with
the case where the subproblems involved in (1.4a) of the directly extended ADMM do not
have closed form solutions but the proximal operators of θi are easy to obtain. The semi-
proximal ADMM is clearly proposed just in the recent paper [27], though the convergence
of two-block semi-proximal ADMM was established in the earlier papers [37, 6]. When
all AiA
∗
i are positive definite, one may choose all Ti to be the zero operator and (S.1) of
Algorithm 2.1 reduces to the directly extended ADMM with adaptive step-size.
Remark 2.1 In contrast to the ADMMG in [12] and the linearized ADMMG in [14],
Algorithm 2.1 introduces a step-size τk into the multiplier update (2.3), which is adaptively
determined by formula (2.4)-(2.5). The δk defined in (2.5) actually characterizes the
infeasibility ratio made up by the kth semi-proximal ADMM step for the one yielded by
the (k−1)th correction step. When the constant ε is chosen to be sufficiently small, the
ratio δk is always positive, and consequently the step-size τk is at least 1.
Observe that the multiplier update in the ADMM is same as that of the augmented
Lagrangian function method, while the latter is an approximate Newton direction when the
penalty parameter is over a certain threshold (see [29]). This implies that the multiplier
block is good. In addition, the block zk+1p from the semi-proximal ADMM is good since the
negative influence of the last correction step on it is tiny after the first (p−1) minimization
of the semi-proximal ADMM. So, unlike the ADMMG [12] and the linearized ADMMG
[14], Algorithm 2.1 does not impose any correction on the pth block and the multiplier
block of the prediction point. Of course, the ADMMG would not make any correction for
the pth block and the multiplier block of the prediction point if the correction step-size
takes 1, but the convergence analysis there is not applicable to the extreme case.
Remark 2.2 Now let us take a look at a special case with p = 3, where all Ti = 0, θ2 is a
linear function, to say θ2(z2) = 〈b, z2〉 for some b ∈ Z2, and the operator A2 is surjective.
Then, the correction step with the unit step-size reduces to
z˜k+13 =z
k+1
3 , z˜
k+1
2 = z
k+1
2 − (A2A
∗
2)
−1A2A∗3(z˜
k+1
3 − z
k
3 ) and z˜
k+1
1 = z
k+1
1 .
In this case, the iterate (zk+11 , z
k+1
2 , z
k+1
3 ) of Algorithm 2.1 is actually yielded by
z
k+ 1
2
2 = argmin
z2∈Z2
Lσ(z
k
1 , z2, z
k
3 , x
k−1), (2.7a)
zk+11 = argmin
z1∈Z1
Lσ(z1, z
k+ 1
2
2 , z
k
3 , x
k), (2.7b)
zk+12 = argmin
z2∈Z2
Lσ(z
k+1
1 , z2, z
k
3 , x
k), (2.7c)
zk+13 = argmin
z3∈Z3
Lσ(z
k+1
1 , z
k+1
2 , z3, x
k), (2.7d)
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since it is easy to verify that z
k+ 1
2
2 = z˜
k
2 . If, in addition, x
k−1 in (2.7a) is replaced by xk,
then the iterate in (2.7a)-(2.7d) is equivalent to that of the following two-block ADMM
zk+11 = argmin
z1∈Z1
Lσ
(
z1, φ(z1, z
k
3 , x
k), xk
)
,
zk+13 = argmin
z3∈Z3
Lσ
(
zk+11 , φ(z
k+1
1 , z
k
3 , x
k), z3, x
k
) (2.8)
with φ(z1, z3, x) := −(A2A
∗
2)
−1(A∗1z1+A3z3− c)−
1
σ
(b2+A2x), and (2.8) is equivalent to
(zk+11 , z
k+1
2 ) = argmin
z1∈Z1,z2∈Z2
Lσ
(
z1, z2, z
k
3 , x
k
)
+ σ2 ‖z1 − z
k
1‖
2
T ,
zk+13 = argmin
z3∈Z3
Lσ
(
zk+11 , z
k+1
2 , z3, x
k
) (2.9)
with T = A1A
∗
2(A2A
∗
2)
−1A2A∗1. The equivalence between the iterate schemes (2.8) and
(2.9) is recently employed by Sun, Toh and Yang [27] and Li, Toh and Sun [17] to resolve
a special case of (1.1) in which p = 3 and one of θi’s is linear or quadratic.
Remark 2.3 It is immediate to see that the iterate (z˜k1 , . . . , z˜
k
p , x
k) yielded by Algorithm
2.1 satisfies z˜k1 ∈ dom θ1 and z˜
k
p ∈ dom θp. Thus, when the constraints z1 ∈ dom θ1 and
zp ∈ dom θp are hard to be satisfied, the best solution order of the subproblems in (S.1)
of Algorithm 2.1 should be as follows: to solve z1 (or zp) first and solve zp (or z1) last.
3 Convergence analysis of Algorithm 2.1
We need the following constraint qualification where Ω denotes the feasible set of (1.1):
Assumption 3.1 There exists a point (ẑ1, . . . , ẑp) ∈ ri(dom θ1 × · · · × dom θp) ∩ Ω.
Under Assumption 3.1, from [24, Corollary 28.2.2 & 28.3.1] and [24, Theorem 6.5 &
23.8], it follows that (z∗1 , . . . , z
∗
p) ∈ Z1 × · · · × Zp is an optimal solution to problem (1.1)
if and only if there exists a Lagrange multiplier x∗ ∈ X such that
−Aix
∗ ∈ ∂θi(z∗i ) for i = 1, 2, . . . , p and A
∗
1z
∗
1 + · · ·+A
∗
pz
∗
p − c = 0, (3.1)
where ∂θi is the subdifferential mapping of θi. Moreover, any x
∗ ∈ X satisfying (3.1) is an
optimal solution to the dual problem of (1.1). Notice that the subdifferential mapping of
a closed proper convex function is maximal monotone by [25, Theorem 12.17]. Therefore,
for each i ∈ {1, 2, . . . , p}, there exists a positive semidefinite linear operator Σi : Zi → Zi
such that for all zi, zi ∈ dom θi, ui ∈ ∂θi(zi) and ui ∈ ∂θi(zi),
θi(zi) ≥ θi(zi) + 〈ui, zi − zi〉+
1
2
‖zi − zi‖
2
Σi and 〈ui − ui, zi − zi〉 ≥ ‖zi − zi‖
2
Σi . (3.2)
First, we establish a technical lemma to deal with the cross terms of the iterates.
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Lemma 3.1 Let
{
(zk1 , . . . , z
k
p , x
k)
}
and
{
(z˜k1 , . . . , z˜
k
p )
}
be the sequences generated by
Algorithm 2.1. Then, under Assumption 3.1, for any optimal solution (z∗1 , . . . , z
∗
p) ∈
Z1 × · · · × Zp of (1.1) and the associated Lagrange multiplier x
∗ ∈ X, we have
2
p∑
i=2
〈
z˜ki − z
∗
i ,
∑i
j=2AiA
∗
j
(
z˜kj − z
k+1
j
)
+ Ti(z˜
k
i − z
k+1
i )
〉
+
2
τkσ2
〈
xk − xk+1, xk−x∗
〉
+ 2
〈
zk1 − z
∗
1 , T1(z
k
1 − z
k+1
1 )
〉
≥
∥∥∥ p∑
i=2
A∗i
(
zk+1i − z˜
k
i
)
−
1
τkσ
(xk+1−xk)
∥∥∥2 + 1
(τkσ)2
∥∥xk+1−xk∥∥2
+
p∑
i=2
∥∥zk+1i −z˜k∥∥2AiA∗i+2Ti + 2∥∥zk+11 −zk1∥∥2T1 + 2σ
p∑
i=1
∥∥zk+1i −z∗i ∥∥2Σi ∀k. (3.3)
Proof: From the definition of zk+1i in equation (2.2), it follows that for i = 1, 2, . . . , p,
−Ai
[
xk + σ
(∑i
j=1A
∗
jz
k+1
j +
∑p
j=i+1A
∗
j z˜
k
j − c
)]
− σTi
(
zk+1i −z˜
k
i
)
∈ ∂θi(z
k+1
i ). (3.4)
Since −Aix
∗ ∈ ∂θi(z∗i ) for i = 1, 2, . . . , p, from equation (3.2) we have that〈
z∗i − z
k+1
i , Ai
[
xk − x∗ + σ
(∑i
j=1A
∗
jz
k+1
j +
∑p
j=i+1A
∗
j z˜
k
j − c
)]〉
+ σ
〈
z∗i − z
k+1
i , Ti(z
k+1
i − z˜
k
i )
〉
≥
∥∥zk+1i − z∗i ∥∥2Σi , i = 1, 2, . . . , p.
Substituting (2.3) into the last p inequalities successively yields that〈
A∗i (z
∗
i − z
k+1
i ), x
k+1 − x∗
〉
+ σ
〈
z∗i − z
k+1
i , Ti(z
k+1
i − z˜
k
i )
〉
−
∥∥zk+1i − z∗i ∥∥2Σi
≥ σ
〈
A∗i (z
∗
i − z
k+1
i ), (τk−1)
(∑i
j=1A
∗
jz
k+1
j − c
)
+
∑p
j=i+1A
∗
j
(
τkz
k+1
j − z˜
k
j
)〉
(3.5)
for i = 1, 2, . . . , p. Now adding the term σ
〈
A∗i (z
∗
i − z
k+1
i ),
∑p
j=2A
∗
j
(
z˜kj − τkz
k+1
j
)〉
to the
both sides of the ith inequality in (3.5) for i = 1, 2, . . . , p yields that〈
A∗i (z
∗
i − z
k+1
i ), x
k+1 − x∗ + σ
∑p
j=2A
∗
j
(
z˜kj − τkz
k+1
j
)〉
≥ σ
〈
A∗i (z
∗
i − z
k+1
i ), (τk−1)
(
A∗1z
k+1
1 − c
)
+
∑i
j=2A
∗
j
(
z˜kj − z
k+1
j
)〉
+ σ
〈
z∗i − z
k+1
i , Ti(z˜
k
i − z
k+1
i )
〉
+
∥∥zk+1i − z∗i ∥∥2Σi , i = 1, 2, . . . , p. (3.6)
Adding the p inequalities in (3.6) together, we have that the left hand side is equal to〈∑p
i=1A
∗
i (z
∗
i − z
k+1
i ), x
k+1 − x∗ + σ
∑p
j=2A
∗
j
(
z˜kj − τkz
k+1
j
)〉
=
〈
c−
∑p
i=1A
∗
i z
k+1
i , x
k+1 − x∗ + σ
∑p
j=2A
∗
j
(
z˜kj − τkz
k+1
j
)〉
,
8
where the equality is due to
∑p
i=1A
∗
i z
∗
i = c; while the right hand side is equal to〈
c−
p∑
i=1
A∗i z
k+1
i , σ(τk−1)(A
∗
1z
k+1
1 −c)
〉
+ σ
p∑
i=2
〈
z∗i −z
k+1
i ,
∑i
j=2A
∗
iA
∗
j
(
z˜kj − z
k+1
j
)〉
+ σ
p∑
i=1
〈
z∗i − z
k+1
i , Ti(z˜
k
i − z
k+1
i )
〉
+
p∑
i=1
∥∥zk+1i − z∗i ∥∥2Σi .
By combining the last two equations with inequality (3.6), it then follow that
〈
c−
p∑
i=1
A∗i z
k+1
i , x
k+1 − x∗−σ(τk−1)(A∗1z
k+1
1 −c)+σ
p∑
j=2
A∗j
(
z˜kj − τkz
k+1
j
)〉
≥ σ
p∑
i=2
〈
z∗i − z
k+1
i ,
∑i
j=2A
∗
iA
∗
j
(
z˜kj − z
k+1
j
)〉
+ σ
p∑
i=1
〈
z∗i − z
k+1
i , Ti(z˜
k
i − z
k+1
i )
〉
+
p∑
i=1
∥∥zk+1i − z∗i ∥∥2Σi ,
which, by noting that c−
∑p
i=1A
∗
i z
k+1
i =
1
τkσ
(xk −xk+1), can be equivalently written as
1
τkσ
〈
xk − xk+1, xk+1−x∗
〉
+ σ
p∑
i=2
〈
zk+1i − z
∗
i ,
∑i
j=2A
∗
iA
∗
j
(
z˜kj − z
k+1
j
)〉
≥
1
τk
〈
xk+1 − xk,
p∑
i=2
A∗i
(
z˜ki − τkz
k+1
i
)〉
+
τk − 1
τk
〈
xk − xk+1, A∗1z
k+1
1 −c
〉
+ σ
p∑
i=1
〈
z∗i − z
k+1
i , Ti(z˜
k
i − z
k+1
i )
〉
+
p∑
i=1
∥∥zk+1i − z∗i ∥∥2Σi . (3.7)
Next we make a simplification for (3.7). The left hand side of (3.7) can be rewritten as
σ
p∑
i=2
〈
z˜ki − z
∗
i ,
∑i
j=2AiA
∗
j
(
z˜kj − z
k+1
j
)〉
+
1
τkσ
〈
xk − xk+1, xk−x∗
〉
+ σ
p∑
i=2
〈
zk+1i − z˜
k
i ,
∑i
j=2AiA
∗
j
(
z˜kj − z
k+1
j
)〉
−
1
τkσ
∥∥xk+1 − xk∥∥2, (3.8)
while the right hand side of (3.7) can be rearranged as follows
1
τk
[
p∑
i=2
〈
xk+1−xk, A∗i
(
z˜ki −z
k+1
i
)〉
+ (τk−1)
〈
xk − xk+1,
p∑
i=1
A∗i z
k+1
i − c
〉]
+ σ
p∑
i=1
〈
z∗i − z
k+1
i , Ti(z˜
k
i − z
k+1
i )
〉
+
p∑
i=1
∥∥zk+1i − z∗i ∥∥2Σi ,
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which, by using the equality
∑p
i=1A
∗
i z
k+1
i − c =
1
τkσ
(xk+1 − xk), is equivalent to
1
τk
p∑
i=2
〈
xk+1−xk, A∗i
(
z˜ki −z
k+1
i
)〉
−
τk − 1
τ2kσ
∥∥xk+1−xk∥∥2 + σ p∑
i=1
∥∥zk+1i −z˜ki ∥∥2Ti
+ σ
p∑
i=1
〈
z∗i −z˜
k
i , Ti(z˜
k
i − z
k+1
i )
〉
+
p∑
i=1
∥∥zk+1i − z∗i ∥∥2Σi . (3.9)
Now, combining equations (3.8)-(3.9) with inequality (3.7), we obtain that
p∑
i=2
〈
z˜ki − z
∗
i ,
∑i
j=2AiA
∗
j
(
z˜kj −z
k+1
j
)〉
+
1
τkσ2
〈
xk − xk+1, xk−x∗
〉
≥
p∑
i=2
〈
z˜ki − z
k+1
i ,
∑i
j=2AiA
∗
j
(
z˜kj − z
k+1
j
)〉
+
1
(τkσ)2
∥∥xk+1−xk∥∥2
+
1
τkσ
p∑
i=2
〈
xk+1 − xk, A∗i
(
z˜ki − z
k+1
i
)〉
+
1
σ
p∑
i=1
∥∥zk+1i − z∗i ∥∥2Σi
+
p∑
i=1
∥∥zk+1i − z˜ki ∥∥2Ti + p∑
i=1
〈
z∗i −z˜
k
i , Ti(z˜
k
i − z
k+1
i )
〉
=
1
2
p∑
i=2
∥∥A∗i (zk+1i − z˜ki )∥∥2 + 12∥∥∥
p∑
i=2
A∗i
(
zk+1i − z˜
k
i
)
−
1
τkσ
(xk+1−xk)
∥∥∥2
+
1
2(τkσ)2
∥∥xk+1−xk∥∥2 + 1
σ
p∑
i=1
∥∥zk+1i − z∗i ∥∥2Σi
+
p∑
i=1
∥∥zk+1i − z˜ki ∥∥2Ti + p∑
i=1
〈
z∗i −z˜
k
i , Ti(z˜
k
i − z
k+1
i )
〉
.
This along with z˜k1 = z
k
1 implies the desired inequality. The proof is completed. ✷
To establish the convergence results of Algorithm 2.1, we introduce the notations
w∗ = (z∗2 , . . . , z
∗
p), Ei = AiA
∗
i + Ti and Bi = AiE
−1
i A
∗
i for i = 2, 3, . . . , p.
For each k, let wk = (zk2 , z
k
3 , . . . , z
k
p ) and w˜
k = (z˜k2 , z˜
k
3 , . . . , z˜
k
p ). Define the linear operators
M : Z2× · · ·×Zp → Z2× · · ·×Zp and H : Z2× · · ·×Zp → Z2× · · ·×Zp, respectively, by
M :=

E2 0 · · · 0 0
A3A
∗
2 E3 · · · 0 0
...
...
...
...
...
Ap−1A∗2 Ap−1A
∗
3 · · · Ep−1 0
ApA
∗
2 ApA
∗
3 · · · ApA
∗
p−1 Ep

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and
H :=

I E−12 A2A
∗
3 · · · E
−1
2 A2A
∗
p−1 E
−1
2 A2A
∗
p
0 I · · · E−13 A3A
∗
p−1 E
−1
3 A3A
∗
p
...
...
...
...
...
0 0 · · · I E−1p−1A
∗
p−1Ap
0 0 · · · 0 αI
 .
An elementary computation yields that the operator G :=MH takes the form of
E2 A2A
∗
3 · · · A2A
∗
p−1 A2A
∗
p
A3A
∗
2 A3(I+B2)A
∗
3+T3 · · · A3(I+B2)A
∗
p−1 A3(I+B2)A
∗
p
...
...
...
...
...
ApA
∗
2 Ap(I+B2)A
∗
3 · · · Ap(I+
∑p−2
j=2 Bj)Ap−1 Ap(αI+
∑p−1
j=2 Bj)A
∗
p+αTp
 .
It is not hard to verify that the self-adjoint linear operator G is positive definite.
Now we are in a position to establish the global convergence of Algorithm 2.1.
Theorem 3.1 Suppose that Assumption 3.1 holds and the operators Ti for i = 1, 2, . . . , p
are chosen such that AiA
∗
i +Ti are positive definite. Then, the following statements hold:
(a) lim
k→+∞
∥∥zk+1i − z˜ki ∥∥ = 0 for i = 2, 3, . . . , p and lim
k→+∞
∥∥xk+1 − xk∥∥ = 0.
(b) The sequences
{
(zk1 , . . . , z
k
p )
}
and
{
(z˜k1 , . . . , z˜
k
p )
}
converge to an optimal solution to
(1.1), and {xk} converges to an optimal solution to the dual problem of (1.1).
Proof: Let (z∗1 , . . . , z
∗
p) ∈ Z1 × · · · × Zp be an optimal solution to (1.1) and x
∗ ∈
X be the associated Lagrange multiplier. Then, the sequences
{
(zk1 , . . . , z
k
p , x
k)
}
and{
(z˜k1 , , . . . , z˜
k
p )
}
generated by Algorithm 2.1 satisfies the inequality (3.3) of Lemma 3.1.
By using the expression of the above linear operator M, it is not hard to obtain that
2
p∑
i=2
〈
z˜ki − z
∗
i ,
∑i
j=2AiA
∗
j
(
z˜kj − z
k+1
j
)
+ Ti(z˜
k
i − z
k+1
i )
〉
= 2
〈
w˜k−w∗,M
(
w˜k−wk+1
)〉
= 2
〈
w˜k−w∗,MHH−1
(
w˜k−wk+1
)〉
. (3.10)
From the expression of H and the corrected step of Algorithm 2.1, we can verify that
H(w˜k+1 − w˜k) = α(wk+1 − w˜k), (3.11)
which by the invertibility of H implies that w˜k − w˜k+1 = αH−1(w˜k − wk+1). Hence,
2
〈
w˜k−w∗,MHH−1(w˜k −wk+1
)〉
= 2α−1
〈
w˜k−w∗,G(w˜k − w˜k+1)
〉
= α−1
∥∥w˜k−w∗∥∥2G − α−1∥∥w˜k+1−w∗∥∥2G+ α∥∥H−1(w˜k−wk+1)∥∥2G (3.12)
where the second equality is using the following identity relation
2〈u− v,T (u− w)〉 =
∥∥u− v∥∥2T + ∥∥u− w∥∥2T − ∥∥v − w∥∥2T . (3.13)
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for a positive semidefinite linear operator T . Using the identity (3.13), we also have
2
τkσ2
〈
xk − xk+1, xk−x∗
〉
+ 2
〈
zk1 − z
∗
1 , T1(z
k
1 − z
k+1
1 )
〉
=
1
τkσ2
(∥∥xk+1 − xk∥∥2 + ∥∥xk − x∗∥∥2 − ∥∥xk+1 − x∗∥∥2)
+
∥∥zk1 − z∗1∥∥2T1 − ∥∥zk+11 − z∗1∥∥2T1 + ∥∥zk+11 − zk1∥∥2T1 . (3.14)
By combining equations (3.10), (3.12) and (3.14) with inequality (3.3), it follows that
1
α
(∥∥w˜k−w∗∥∥2G − ∥∥w˜k+1−w∗∥∥2G)+ α∥∥H−1(w˜k−wk+1)∥∥2G + ∥∥zk1−z∗1∥∥2T1
−
∥∥zk+11 − z∗1∥∥2T1 + 1τkσ2
(∥∥xk+1 − xk∥∥2 + ∥∥xk − x∗∥∥2 − ∥∥xk+1 − x∗∥∥2)
≥
∥∥∥ p∑
i=2
A∗i (z
k+1
i − z˜
k
i )−
1
τkσ
(xk+1 − xk)
∥∥∥2 + 1
(τkσ)2
∥∥xk+1−xk∥∥2
+
p∑
i=2
∥∥zk+1i − z˜ki ∥∥2AiA∗i+2Ti + ∥∥zk+11 − zk1∥∥2T1 + 2σ
p∑
i=1
∥∥zk+1i −z∗i ∥∥2Σi . (3.15)
By the expressions of the operators H and M, an elementary computation yields that
M∗H−1 =

A2A
∗
2 0 · · · 0 0
0 A3A
∗
3 · · · 0 0
...
...
...
...
...
0 0 · · · Ap−1A∗p−1 0
0 0 · · · 0 1
α
ApA
∗
p
 ,
and consequently
α
∥∥H−1(w˜k−wk+1)∥∥2G = α〈(w˜k−wk+1), (H−1)∗GH−1(w˜k−wk+1)〉
= α
〈
M∗H−1(w˜k−wk+1), (w˜k−wk+1)
〉
= α
∑p−1
i=2
∥∥A∗i (zk+1i − z˜ki )∥∥2 + ∥∥A∗p(zk+1p − zkp )∥∥2.
Substituting this equality into inequality (3.15), we immediately obtain that
1
α
(∥∥w˜k−w∗∥∥2G − ∥∥w˜k+1−w∗∥∥2G)+ ∥∥zk1 − z∗1∥∥2T1
−
∥∥zk+11 − z∗1∥∥2T1 + 1τkσ2
(∥∥xk − x∗∥∥2 − ∥∥xk+1 − x∗∥∥2)
≥
p−1∑
i=2
∥∥zk+1i −z˜ki ∥∥2(1−α)AiA∗i+2Ti + ∥∥zk+11 −zk1∥∥2T1 + 2∥∥zk+1p −zkp∥∥2Tp
+
∥∥∥ p∑
i=2
A∗i (z
k+1
i −z˜
k
i )−
xk+1−xk
τkσ
∥∥∥2 + 1−τk
(τkσ)2
∥∥xk+1−xk∥∥2 + 2
σ
p∑
i=1
∥∥zk+1i −z∗i ∥∥2Σi .
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Let G˜ be an operator with the same form as G except that the pth diagonal element is
replaced by Ap(αI+
∑p−1
j=2 Bj)A
∗
p+αTp+
2α
σ
Σp. Then the last inequality is equivalent to
1
α
(∥∥w˜k−w∗∥∥2G˜ − ∥∥w˜k+1−w∗∥∥2G˜)+ 1τkσ2
(∥∥xk − x∗∥∥2 − ∥∥xk+1 − x∗∥∥2)
+
∥∥zk1 − z∗1∥∥2T1+ 2σΣ1 − ∥∥zk+11 − z∗1∥∥2T1+ 2σΣ1
≥
p−1∑
i=2
∥∥zk+1i − z˜ki ∥∥2(1−α)AiA∗i+2Ti + ∥∥zk+11 − zk1∥∥2T1 + 2∥∥zk+1p − zkp∥∥2Tp
+
∥∥∥ p∑
i=2
A∗i (z
k+1
i − z˜
k
i )−
1
τkσ
(xk+1 − xk)
∥∥∥2 + 1− τk
(τkσ)2
∥∥xk+1 − xk∥∥2
+
2
σ
∥∥zk1 − z∗1∥∥2Σ1 + 2σ∥∥zkp − z∗p∥∥2Σp + 2σ
p−1∑
i=2
∥∥zk+1i −z∗i ∥∥2Σi . (3.16)
Recall that F (z1, z2, . . . , zp) =
∑p
i=1A
∗
i zi − c. Therefore, we have that
p∑
i=2
A∗i (z
k+1
i − z˜
k
i ) = F (z
k+1
1 , z
k+1
2 , . . . , z
k+1
p )− F (z
k+1
1 , z˜
k
2 , . . . , z˜
k
p ).
In addition, from equation (2.3) it follows that xk+1 − xk = στkF (z
k+1
1 , z
k+1
2 , . . . , z
k+1
p ).
Substituting the two equalities into (3.16), we obtain the desired inequality
1
α
(∥∥w˜k−w∗∥∥2G˜ − ∥∥w˜k+1−w∗∥∥2G˜)+ 1τkσ2
(∥∥xk−x∗∥∥2 − ∥∥xk+1−x∗∥∥2)
+
∥∥zk1 − z∗1∥∥2T1+ 2σΣ1 − ∥∥zk+11 − z∗1∥∥2T1+ 2σΣ1
≥
p−1∑
i=2
∥∥zk+1i − z˜ki ∥∥2(1−α)AiA∗i+2Ti + ∥∥zk+11 − zk1∥∥2T1 + 2∥∥zk+1p − zkp∥∥2Tp
+
∥∥F (zk+11 , z˜k2 , . . . , z˜kp )∥∥2 + (1− τk)∥∥F (zk+11 , zk+12 , . . . , zk+1p )∥∥2
+
2
σ
∥∥zk1 − z∗1∥∥2Σ1 + 2σ∥∥zkp − z∗p∥∥2Σp + 2σ
p−1∑
i=2
∥∥zk+1i −z∗i ∥∥2Σi . (3.17)
By the definition of τk in (2.4), we have that the sequence {τk} is nonincreasing and
τk = τ for all k ≥ k once τk = τ . In view of this, we next prove the results of part (a)
and part (b) by the case where τk > τ for all k or τk = τ for all k ≥ k.
Case 1: τk > τ for all k. In this case, the definition of τk implies δk ≥ 1− τk, and then∥∥F (zk+11 , z˜k2 , . . . , z˜kp )∥∥2 + (1−τk)∥∥F (zk+11 , zk+12 , . . . , zk+1p )∥∥2
≥ ε
∥∥F (zk+11 , zk+12 , . . . , zk+1p )∥∥2 + ε∥∥A∗p(zk+1p − zkp )∥∥2.
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Together with the above inequality (3.17), we immediately obtain that
τk
α
(∥∥w˜k−w∗∥∥2G˜ − ∥∥w˜k+1−w∗∥∥2G˜)+ 1σ2 (∥∥xk−x∗∥∥2 − ∥∥xk+1−x∗∥∥2)
+ τk
∥∥zk1 − z∗1∥∥2T1+ 2σΣ1 − τk∥∥zk+11 − z∗1∥∥2T1+ 2σΣ1
≥ τk
p−1∑
i=2
∥∥zk+1i − z˜ki ∥∥2(1−α)AiA∗i+2Ti + τk∥∥zk+11 − zk1∥∥2T1
+ τkε
∥∥F (zk+11 , zk+12 , . . . , zk+1p )∥∥2 + τk∥∥zk+1p − zkp∥∥22Tp+εApA∗p
+
2τk
σ
∥∥zk1 − z∗1∥∥2Σ1 + 2τkσ ∥∥zkp − z∗p∥∥2Σp + 2τkσ
p−1∑
i=2
∥∥zk+1i −z∗i ∥∥2Σi . (3.18)
Notice that τk+1 ≤ τk for all k ≥ 1 in this case. Therefore, we have that
∞∑
k=0
τk
{
p−1∑
i=2
∥∥zk+1i − z˜ki ∥∥2(1−α)AiA∗i+2Ti + ∥∥zk+11 − zk1∥∥2T1 + ε∥∥F (zk+11 , . . . , zk+1p )∥∥2
+
∥∥zk+1p −zkp∥∥22Tp+εApA∗p + 2σ∥∥zk1 − z∗1∥∥2Σ1 + 2σ∥∥zkp − z∗p∥∥2Σp + 2σ
p−1∑
i=2
∥∥zk+1i −z∗i ∥∥2Σi
}
≤
1
α
∞∑
k=0
[
τk
∥∥w˜k−w∗∥∥2 − τk+1∥∥w˜k+1−w∗∥∥2]+ 1
σ2
∞∑
k=0
[∥∥xk − x∗∥∥2−∥∥xk+1 − x∗∥∥2]
+
∞∑
k=0
[
τk
∥∥zk1 − z∗1∥∥2T1+ 2σΣ1 − τk+1∥∥zk+11 − z∗1∥∥2T1+ 2σΣ1]
≤
τ0
α
∥∥w˜0 − w∗∥∥2 + 1
σ2
∥∥x0 − x∗∥∥2 + τ0∥∥z01 − z∗1∥∥2T1+ 2σΣ1 . (3.19)
Since α ∈ (0, 1) and τk > τ > 0, from inequality (3.19) it follows that
lim
k→+∞
[∑p−1
i=2
∥∥zk+1i − z˜ki ∥∥2(1−α)AiA∗i+2Ti + ∥∥zk+1p −zkp∥∥22Tp+εApA∗p] = 0, (3.20)
which, together with the choice of Ti for i = 2, 3, . . . , p, implies that
lim
k→+∞
‖zk+1i − z˜
k
i ‖ = 0, i = 2, 3, . . . , p. (3.21)
Notice that inequality (3.19) also implies that limk→∞
∥∥F (zk+11 , . . . , zk+1p )∥∥2 = 0. This,
together with equation (2.3) and τk ≤ τ0, yields that
lim
k→+∞
∥∥xk+1 − xk∥∥ = lim
k→+∞
∥∥F (zk+11 , zk+12 , . . . , zk+1p )∥∥ = 0. (3.22)
The last two equations show that the results of part (a) hold. We next prove that the
conclusions of part (b) hold. Notice that equation (3.18) and τk+1 ≤ τk imply that
τk
α
∥∥w˜k − w∗∥∥2G˜ + 1σ2∥∥xk − x∗∥∥2 + τk∥∥zk1 − z∗1∥∥2T1+ 2σΣ1
≥
τk+1
α
∥∥w˜k+1 − w∗∥∥2G˜ + 1σ2∥∥xk+1 − x∗∥∥2 + τk+1∥∥zk+11 − z∗1∥∥2T1+ 2σΣ1 .
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Hence, the sequence
{
τk
α
‖w˜k−w∗‖2G˜+
1
σ2
‖xk−x∗‖2+τk‖zk1−z
∗
1‖
2
T1+ 2σΣ1
}
is convergent, which
implies that the sequences {w˜k} and {xk} are bounded, and
{
‖zk1−z
∗
1‖
2
T1+ 2σΣ1
}
is bounded.
Together with limk→+∞ ‖wk+1− w˜k‖ = 0 in part (a), it follows that {wk} is bounded.
From the boundedness of {wk} and {F (zk+11 , . . . , z
k+1
p )} we deduce that the sequence
{A∗1z
k
1} is also bounded, which implies that the boundedness of
{
‖zk1−z
∗
1‖
2
A1A∗1+T1+ 2σΣ1
}
.
Thus, there exists a subsequence {(zk1 , . . . , z
k
p , x
k)}k∈K that converges to a limit point,
to say (z∞1 , . . . , z
∞
p , x
∞). By part (a), {(z˜k1 , . . . , z˜
k
p )}k∈K also converges to (z∞1 , . . . , z
∞
p ).
Next we argue that (z∞1 , . . . , z
∞
p ) is an optimal solution to problem (1.1) and x
∞ is
the associated Lagrange multiplier. Since limk→+∞ ‖F (zk+11 , . . . , z
k+1
p )‖ = 0, we have
A∗1z
∞
1 +A
∗
2z
∞
2 + · · · +A
∗
pz
∞
p − c = 0. In addition, taking the limit k → ∞ with k ∈ K
on the both sides of (3.4) and using the closedness of the graphs of ∂θi (see [24]), we
have −Aix
∞ ∈ ∂θi(z∞i ) for i = 1, . . . , p. The two sides and equation (3.1) imply that
(z∞1 , . . . , z
∞
p ) is an optimal solution of (1.1) and x
∞ is the associated Lagrange multiplier.
To complete the proof of part (b), we only need to show that (z∞1 , . . . , z
∞
p , x
∞) is the
unique limit point of {(zk1 , . . . , z
k
p , x
k)}. Recall that (z∞1 , . . . , z
∞
p ) is an optimal solution to
(1.1) and x∞ is the associated Lagrange multiplier. So, we could replace (z∗1 , . . . , z
∗
p , x
∗)
with (z∞1 , . . . , z
∞
p , x
∞) in the previous arguments, starting from (3.4). Thus, inequali-
ties (3.18)-(3.19) still hold with (z∗1 , . . . , z
∗
p , x
∗) replaced by (z∞1 , . . . , z
∞
p , x
∞), and then{
τk
α
‖w˜k−w∞‖2G˜+
1
σ2
‖xk−x∞‖2+τk‖zk1−z
∞
1 ‖
2
T1+ 2σΣ1
}
is convergent. Since this sequence
is nonnegative and has a limit point 0 for the subsequence {(z˜k1 , . . . , z˜
k
p , x
k)}k∈K , we have
lim
k→∞
τk
α
∥∥w˜k − w∞∥∥2G˜ + 1σ2∥∥xk − x∞∥∥2 + τk∥∥zk1 − z∞1 ∥∥2T1+ 2σΣ1 = 0.
Moreover, limk→∞ ‖A∗1z
k
1‖ = ‖A
∗
1z
∞
1 ‖ since limk→∞ z
k
1 = z
∞
1 . By the results of part (a),
τk > τ and the positive definiteness of A1A
∗
1 + T1 +
2
σ
Σ1, it follows that
lim
k→∞
zki = z
∞
i for i = 1, 2, . . . , p and lim
k→∞
xk = x∞. (3.23)
Thus, we show that (z∞1 , . . . , z
∞
p , x
∞) is the unique limit point of {(zk1 , . . . , z
k
p , x
k)}.
Case 2: τk = τ for all k ≥ k with k ∈ N. Now inequality (3.17) is specialized as
1
α
(∥∥w˜k−w∗∥∥2G˜ − ∥∥w˜k+1−w∗∥∥2G˜)+ 1τσ2 (∥∥xk−x∗∥∥2 − ∥∥xk+1−x∗∥∥2)
+
∥∥zk1 − z∗1∥∥2T1+ 2σΣ1 − ∥∥zk+11 − z∗1∥∥2T1+ 2σΣ1
≥
p−1∑
i=2
∥∥zk+1i − z˜ki ∥∥2(1−α)AiA∗i+2Ti + ∥∥zk+11 − zk1∥∥2T1 + 2∥∥zk+1p − zkp∥∥2Tp
+
∥∥F (zk+11 , z˜k2 , . . . , z˜kp )∥∥2 + (1− τ)∥∥F (zk+11 , zk+12 , . . . , zk+1p )∥∥2
+
2
σ
∥∥zk1 − z∗1∥∥2Σ1 + 2σ∥∥zkp − z∗p∥∥2Σp + 2σ
p−1∑
i=2
∥∥zk+1i −z∗i ∥∥2Σi .
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Since τ ∈ (0, 1), using the same arguments as those for Case 1, we have
lim
k→+∞
∑p−1
i=2
∥∥zk+1i − z˜ki ∥∥2(1−α)AiA∗i+2Ti = 0, limk→∞ ‖zk+1p − zkp‖2Tp = 0, (3.24)
lim
k→∞
∥∥F (zk+11 , z˜k2 , . . . , z˜kp )∥∥2 = 0, lim
k→∞
∥∥F (zk+11 , zk+12 , . . . , zk+1p )∥∥2 = 0. (3.25)
Combining the first limit in (3.24) with the assumption of Ti for i = 2, . . . , p−1, we have
lim
k→+∞
‖zk+1i − z˜
k
i ‖ = 0, i = 2, 3, . . . , p− 1. (3.26)
From equations (3.25) and (3.26) and the second limit in (3.24), we may deduce that
lim
k→∞
∥∥zk+1p − zkp∥∥2Tp+ApA∗p = 0.
This, along with the assumption of Tp, implies that limk→+∞ ‖zk+1p − zkp‖ = 0, while the
second limit in (3.25) implies that limk→+∞ ‖xk+1 − xk‖ = 0. Thus, we complete the
proof of part (a). Using the same arguments as those for Case 1 yields part (b). ✷
If all the linear operators Ai are surjective, then one can also obtain the conclusion
of Theorem 3.1 by setting all Ti to be the zero operator in the proof of Theorem 3.1.
Corollary 3.1 Suppose that Assumption 3.1 holds and the linear operators Ai for i =
1, 2, . . . , p are all surjective. Then, we have the following conclusions:
(a) lim
k→+∞
∥∥zk+1i − z˜ki ∥∥ = 0 for i = 2, 3, . . . , p and lim
k→+∞
∥∥xk+1 − xk∥∥ = 0.
(b) The sequences
{
(zk1 , . . . , z
k
p )
}
and
{
(z˜k1 , . . . , z˜
k
p )
}
converge to an optimal solution to
(1.1), and {xk} converges to an optimal solution to the dual problem of (1.1).
4 Applications to doubly nonnegative SDPs
Let Sn+ be the cone of n × n symmetric and positive semidefinite matrices in the space
S
n of n×n symmetric matrices, which is endowed with the Frobenius inner product and
its induced norm ‖ · ‖. The doubly nonnegative SDP problem takes the form of
max
{
−
〈
C,X
〉
| AEX = bE , AIX ≥ bI , X ∈ S
n
+, X −M ∈ K
}
, (4.1)
where bE ∈ R
mE , bI ∈ R
mI , andX−M ∈ Kmeans that every entry ofX−M is nonnegative
(of course, one can only require a subset of the entries of X−M to be nonnegative or
non-positive or free). An elementary calculation yields the dual of problem (4.1) as
min
(
δ
R
mI
+
(yI)− 〈bI , yI〉
)
+
(
δK∗(Z)− 〈M,Z〉
)
− 〈bE , yE〉+ δSn
+
(S)
s.t. A∗IyI + Z +A
∗
EyE + S = C, (4.2)
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where K∗ is the positive dual cone of K. Here we always assume that AE is surjective.
Clearly, problem (4.2) takes the form of (1.1) with p = 4, and takes the form of (1.1)
with p = 3 if the inequality constraint AIX ≥ bI is removed. Hence, we can apply the
proposed corrected ADMM with adaptive step-size for solving problem (4.2).
For problem (4.2), instead of using the constraint qualification (CQ) in Assumption
3.1, we use the following more familiar Slater’s CQ in the field of conic optimization.
Assumption 4.1 (a) For problem (4.1), there exists a point X̂ ∈ Sn such that
AEX̂ = bE, AIX̂ ≥ bI , X̂ ∈ int (S
n
+), X̂ ∈ K.
(b) For problem (4.2), there exists a point (ŷI , Ẑ, ŷE, Ŝ) ∈R
mI ×Sn×RmE ×Sn such that
A∗I ŷI + Ẑ +A
∗
E ŷE + Ŝ = c, Ŝ ∈ int (S
n
+), Ẑ ∈ K
∗, ŷI ∈ RmI+ .
From [1, Corollary 5.3.6], under Assumption 4.1, the strong duality for (4.1) and (4.2)
holds, and the following Karush-Kuhn-Tucker (KKT) condition has nonempty solutions:
AEX − bE = 0,
A∗IyI + Z +A
∗
EyE + S −C = 0,
〈X,S〉 = 0, X ∈ Sn+, S ∈ S
n
+,
〈X,Z〉 = 0, X ∈ K, Z ∈ K∗,
〈yI ,AIX − bI〉 = 0, AIX − bI ≥ 0, yI ∈ R
mI
+ .
(4.3)
Let σ> 0 be given. The augmented Lagrange function for (4.2) is defined as follows
Lσ(yI , Z, yE , S;X) := δRmI
+
(yI)− 〈bI , yI〉+ (δK∗(Z)− 〈M,Z〉)− 〈bE , yE〉
+ δSn
+
(S) + 〈X,A∗IyI + Z +A
∗
EyE + S − C〉
+
σ
2
∥∥A∗IyI + Z +A∗EyE + S − C∥∥2
∀(yI , Z, yE , S,X) ∈ R
mI × Sn × RmE × Sn × Sn.
Notice that the minimization of Lσ(yI , Z, yE , S;X) with respect to variables Z and S,
respectively, have a closed form solution, while the minimization of Lσ(yI , Z, yE , S;X)
with respect to variable yE is solvable since the operator AE is assumed to be surjective.
Hence, when applying the corrected semi-proximal ADMM for solving (4.2), we do not
introduce any proximal term to the three minimization problems. In addition, we adopt
the solution order yI → Z → yE → S for the subproblems involved in (S.1). By
Remark 2.1, such a solution order can guarantee that the hard constraints yI ∈ R
mI
+ and
S ∈ Sn+ are satisfied, and when the inequality constraint AIX ≥ bI is removed, the hard
constraints Z ∈ K∗ and S ∈ Sn+ are satisfied. Extensive numerical tests indicate that
such a solution order is the best one. Thus, we obtain the following algorithm.
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Algorithm CADMM: A corrected 4-block ADMM for solving (4.2)
Given parameters σ > 0, α = 0.999, τ = 0.1 and ε = 0.1. Choose τ0 = 1.95 and a
starting point (y0I , Z
0, y0E, S
0,X0) = (y˜0I , Z˜
0, y˜0E , S˜
0,X0)∈ RmI+ ×K
∗×RmE×Sn+×Sn+.
Let T =λmax(AIA
∗
I)I−AIA
∗
I . For k = 0, 1, . . ., perform the kth iteration as follows.
Step 1. Compute the following minimization problems
yk+1I = argmin
yI∈RmI+
Lσ(yI , Z˜
k, y˜kE, S˜
k;Xk) +
σ
2
‖yI − y˜
k
I ‖
2
T , (4.4a)
Zk+1 = argmin
Z∈K∗
Lσ(y
k+1
I , Z, y˜
k
E , S˜
k;Xk), (4.4b)
yk+1E = argmin
yE∈RmE
Lσ(y
k+1
I , Z
k+1, yE , S˜
k;Xk), (4.4c)
Sk+1 = argmin
S∈Sn
+
Lσ(y
k+1
I , Z
k+1, yk+1E , S;X
k). (4.4d)
Step 2. Let Xk+1 = Xk + τkσ
(
A∗Iy
k+1
I +Z
k+1+A∗Ey
k+1
E +S
k+1−C
)
where
τk :=
{
min(1 + δk, τk−1) if 1 + δk > τ
τ otherwise
for k ≥ 1
with
δk =
∥∥A∗Iyk+1I +Z˜k+A∗Ey˜kE+S˜k−C∥∥2− ε∥∥Sk+1−Sk∥∥2
‖A∗Iy
k+1
I +Z
k+1+A∗Ey
k+1
E +S
k+1−C‖2
− ε.
Step 3. Let S˜k+1 = Sk+1, y˜k+1I = y
k+1
I , and{
y˜k+1E = y˜
k
E + α(y
k+1
E − y˜
k
E)−
(
AEA
∗
E
)−1
(Sk+1 − Sk),
Z˜k+1 = Z˜k+α(Zk+1− Z˜k)− (Sk+1 − Sk)−A∗E(y˜
k+1
E −y˜
k
E).
(4.5)
4.1 Doubly nonnegative SDP problem sets
In our numerical experiments, we test the following five classes of doubly nonnegative
SDP (DNN-SDP) problems, which can also be found in the literature [33, 32, 27].
(i) SDP relaxation of BIQ problems. It has been shown in [2] that under some
mild assumptions, the following binary integer quadratic programming (BIQ) problem
min
{1
2
xTQx+ 〈c, x〉 | x ∈ {0, 1}n
}
is equivalent to the completely positive programming (CPP) problem given by
min
{1
2
〈Q,Y 〉+ 〈c, x〉 | diag(Y )− x = 0, X = [Y x;xT 1] ∈ Cn+1
}
,
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where Cn+1 := {0} ∪
{
X ∈ Sn+1 | X =
∑
k∈K z
k(zk)T for some {zk}k∈K ⊂ Rn+1+ \{0}
}
is
the (n+1)-dimensional completely positive cone. It is well known that the CPP problem
is intractable although Cn+1 is convex. To solve the CPP problem, one would typically
relax Cn+1 to S
n+1
+ ∩ K, and obtain the following SDP relaxation problem
min
1
2
〈Q,Y 〉+ 〈c, x〉
s.t. diag(Y )− x = 0, α = 1, (4.6)
X =
[
Y x
xT α
]
∈ Sn+1+ , X ∈ K
where K =
{
X ∈ Sn+1 | X ≥ 0
}
is the polyhedral cone. In our numerical experiments,
the test data for the matrixQ and the vector c are taken from Biq Mac Library maintained
by Wiegele, which is available at http://biqmac.uni-klu.ac.at/biqmaclib.html
(ii) θ+ problems. This class of DNN-SDP problems arises from the relaxation of
maximum stable set problems. Given a graph G with edge set E, the SDP relaxation of
the maximum stable set problem for the graph G is given by
θ+(G) := max
{
〈eeT,X〉 | 〈Ξij ,X〉 = 0 (i, j) ∈ E, 〈I,X〉 = 1, X ∈ S
n
+, X ∈ K
}
,
where e is the vector of ones with dimension known from the context, Ξij = eie
T
j + eje
T
i
with ei denoting the ith column of the n×n identity matrix, and K =
{
X ∈ Sn | X ≥ 0
}
.
In our numerical experiments, we test the graph instances G considered in [28, 31, 32].
(iii) SDP relaxation of QAP problems. Let Pn be the set of n× n permutation
matrices. Given matrices A,B ∈ Sn, the quadratic assignment problem is defined as
vQAP := min
{
〈X,AXB〉 | X ∈ Pn
}
.
We identify a matrix X = [x1 x2 . . . xn] ∈ R
n×n with the n2-vector x = [x1; . . . , ;xn],
and let Y ij be the n× n block corresponding to xix
T
j in the n
2 × n2 matrix xxT. It has
been shown in [22] that vQAP is bounded below by the number yielded by
v :=min 〈B ⊗A,Y 〉
s.t.
∑n
i=1Y
ii = I,
〈I, Y ij〉 = δij ∀1 ≤ i ≤ j ≤ n, (4.7)
〈Γ, Y ij〉 = 1 ∀1 ≤ i ≤ j ≤ n,
Y ∈ Sn
2
+ , Y ∈ K,
where Γ is the matrix of ones, δij =
{
1 if i = j
0 if i 6= j
and K =
{
X ∈ Sn
2
| X ≥ 0
}
. In our
numerical experiments, the test instances (A,B) are taken from the QAP Library [10].
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(iv) RCP problems. This class of DNN-SDP problems arises from the SDP relax-
ation of clustering problems described in [23, Eq(13)] and takes the following form
min
{〈
W, I−X
〉
| Xe = e, 〈I,X〉 = κ, X ∈ Sn+, X ∈ K
}
, (4.8)
where W is the so-called affinity matrix whose entries represent the similarities of the ob-
jects in the dataset, e is the vector of ones, κ is the number of clusters, and K is the cone{
X ∈ Sn | X ≥ 0
}
. All the data sets we test are from the UCI Machine Learning Reposi-
tory (available at http://archive.ics.uci.edu/ml/datasets.html). For some large size data
sets, we only select the first n rows. For example, the original data set “spambase” has
4061 rows and we select the first 1500 rows to obtain the test problem “spambase-large.2”
for which the number “2” means that there are κ = 2 clusters.
(v) SDP relaxation of FAP problems. Let G = (V,E) be an undirected graph
with vertex set V and edge set E ∈ V × V , and W be a weight matrix for G such that
Wij = Wji is the weight associated with (i, j) ∈ E. For those edges (i, j) 6∈ E, we assume
Wij = Wji = 0. Let U ⊆ E be a given edge subset. This class of problems has the form
max
〈κ− 1
2κ
L(G,W )−
1
2
Diag(We),X
〉
s.t. diag(X) = e, X ∈ Sn+, (4.9)
〈−Ξij,X〉 = 2/(κ − 1) ∀(i, j) ∈ U ⊆ E,
〈−Ξij,X〉 ≤ 2/(κ − 1) ∀(i, j) ∈ E\U,
where κ > 1 is an integer, L(G,W ) := Diag(We)−W is the Laplacian matrix, Ξij and
e are same as above. Let Mij = −
1
κ−1 if (i, j) ∈ E and otherwise Mij = 0. Then (4.9) is
also equivalent to
max
〈κ− 1
2κ
L(G,W )−
1
2
Diag(We),X
〉
s.t. diag(X) = e, X ∈ Sn+, X −M ∈ K, (4.10)
where K =
{
X ∈ Sn | Xij = 0 ∀(i, j) ∈ U, Xij ≥ 0 ∀(i, j) ∈ E\U
}
(see [27]).
The above five classes of DNN-SDP problems come from the SDP relaxation for some
difficult combinatorial optimization problems. For these problems, one usually adds some
additional valid inequalities so as to obtain tighter bound for the original combinatorial
optimization problems. For example, to obtain a tighter bound for the BIQ problems,
one can add four classes of valid inequalities to (4.6) and get the following problems:
min
1
2
〈Q,Y 〉+ 〈c, x〉
s.t. diag(Y )− x = 0, α = 1,
X =
[
Y x
xT α
]
∈ Sn+1+ , X ∈ K,
− Yij+xi ≥ 0, −Yij+xj ≥ 0, Yij−xi−xj ≥ −1, ∀i < j, j = 2, . . . , n−1,
Yij + Yik + Yjk − xi − xj − xk ≥ −1, j 6= i, k 6= i, k 6= j (4.11)
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where K =
{
X ∈ Sn+1 | X ≥ 0
}
, and the set of the first three inequalities are obtained
from the valid inequalities xi(1−xj) ≥ 0, xj(1−xi) ≥ 0, (1−xi)(1−xj) ≥ 0 when xi, xj
are binary variables. In the sequel, we call (4.11) the extended BIQ problem.
4.2 Numerical results for DNN-SDPs without AIX ≥ bI constraints
In this subsection, we apply CADMM for solving the doubly nonnegative SDP problems
without inequality constraints AIX ≥ bI described in last subsection, and compare its
performance with that of the 3-block ADMM with step-size τ = 1.618 and the 3-block
ADMM with Guassian back substitution proposed in [12]. We call the last two methods
ADMM3d and ADMM3g, respectively. We have implemented CADMM, ADMM3d and
ADMM3g in MATLAB, where the correction step-size of ADMM3g was set to be 0.999
instead of 1 as in [12] for the convergence guarantee. Among others, the solution order
of subproblems involved in the 3-block ADMM and the prediction step of ADMM3g is
same as that of subproblems in (S.1) of CADMM. Extensive numerical tests show that
this order is also the best for ADMM3d and ADMM3g. Notice that ADMM3d here is
different from the ADMM developed by Wen et al. [33] since the latter uses the solution
order of y → Z → S. The computational results for all the DNN-SDP problems are
obtained on a Windows system with Intel(R) Core(TM) i3-2120 CPU@3.30GHz.
We measure the accuracy of an approximate optimal solution (X, yE , S, Z) for (4.1)
and (4.2) by using the relative residual η = max
{
ηP , ηD, ηS , ηK, ηS∗ , ηK∗ , ηC1 , ηC2
}
where
ηP =
‖AEX−bE‖
1 + ‖bE‖
, ηD=
‖A∗EyE+S+Z−C‖
1 + ‖C‖
, ηS=
‖ΠSn
+
(−X)‖
1 + ‖X‖
, ηK =
‖ΠK∗(−X)‖
1 + ‖X‖
,
ηS∗=
‖ΠSn
+
(−S)‖
1 + ‖S‖
, ηK∗=
‖ΠK∗(−Z)‖
1 + ‖Z‖
, ηC1 =
〈X,S〉
1 + ‖X‖ + ‖S‖
, ηC2 =
〈X,Z〉
1 + ‖X‖+ ‖Z‖
.
In addition, we also compute the relative gap by ηg =
〈C,X〉−〈bE ,yE〉
1+|〈C,X〉+|〈bE ,yE〉| . We terminated
the solvers CADMM, ADMM3g and ADMM3d whenever η < 10−6 or the number of
iteration is over the maximum number of iterations kmax = 20000.
In the implementation of all the solvers, the penalty parameter σ is dynamically
adjusted according to the progress of the algorithms. The exact details on the adjustment
strategies are too tedious to be presented here but it suffices to mention that the key
idea to adjust σ is to balance the progress of primal feasibilities (ηP , ηS , ηK) and dual
feasibilities (ηD, ηS∗ , ηK∗). In addition, all the solvers also adopt some kind of restart
strategies to ameliorate slow convergence. During the numerical tests, we use the same
adjustment strategy of σ and restart strategy for all the solvers.
Table 1 reports the number of problems that are successfully solved to the accuracy of
10−6 in η by each of the three solvers within the maximum number of iterations. We see
that CADMM and ADMM3d solved successfully all instances from BIQ, RCP, FAP
and θ+, and for QAP problems CADMM and ADMM3d solved successfully 39 and 35,
respectively; while ADMM3g solved successfully all instances from RCP and FAP, but
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failed to 1 tested problem from BIQ, 5 tested problems from θ+ and 58 tested problems
from QAP. That is, CADMM solved the most number of instances to the required
accuracy, with ADMM3d in the second place, followed by ADMM3g.
Table 1: Numbers of problems that are solved to the accuracy of 10−6 in η
Problem set
Solvers
CADMM ADMM3d ADMM3g
BIQ(165) 165 165 164
θ+(113) 113 113 108
QAP(95) 39 35 37
RCP(120) 120 120 120
FAP(13) 13 13 13
Total(506) 450 446 443
Table 2 reports the detailed numerical results of CADMM, ADMM3d and ADMM3g
in solving all test instances. From this table, one can learn that CADMM requires the
fewest iterations for about 69% test problems though the computing time is comparable
even a little more than that of the ADMM3d due to some additional computation cost
in the correction step, while ADMM3g requires the most iterations for most of problems
and at least 1.5 times as many iterations as CADMM does for about 30% test problems.
Figure 1 (respectively, Figure 2) shows the performance profiles of CADMM, ADMM3d
and ADMM3g in terms of number of iterations and computing time, respectively, for the
total 165 BIQ (respectively, 120 RCP) tested problems. We recall that a point (x, y)
is in the performance profiles curve of a method if and only if it can solve (100y)% of
all tested problems no slower than x times of any other methods. It can be seen that
CADMM requires the least number of iterations for at least 90% BIQ tested problems
and 75% RCP tested problems, and its computing time is at most 1.3 times as many as
that of the fastest solver for 90% instances; while ADMM3g requires the most number
of iterations for almost all test instances, and for about 20% BIQ tested problems, its
number of iterations is at least twice as many as that of the best solver.
Figure 3 (respectively, Figure 4) shows the performance profiles of CADMM, ADMM3d
and ADMM3g in terms of number of iterations and computing time, respectively, for the
total 113 θ+ and 13 FAP (respectively, 95 QAP) tested problems. One can see from
Figure 3 that CADMM requires the comparable iterations as ADMM3d does for the θ+
and FAP tested problems, for which the former requires the least number of iterations
for about 60% problems and the latter requires the least number of iterations for at most
40% problems, while ADMM3g requires at least 1.5 times as many iterations as the best
solvers for about 30% problems. Figure 4 indicates that for the QAP tested problems,
which are the most difficult among the five classes, CADMM has remarkable superiority
to ADMM3d and ADMM3g in terms of iterations and computing time, and CADMM
requires the least number of iterations for more than 30% problems, while ADMM3d and
ADMM3g need the least number of iterations only for 5% problems.
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Figure 1: Performance profiles of the number of iterations and computing time for BIQ
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Figure 2: Performance profiles of the number of iterations and computing time for RCP
4.3 Numerical results for DNN-SDPs with AIX ≥ bI constraints
We apply CADMM for solving the extended BIQ problems described in (4.11), and com-
pare its performance with the linearized ADMMG in [14] (we call the method LADMM4g
and use the parameter α = 0.999 in the Gaussian back substitution step). Notice that
one may apply the directly extended ADMM with 4 blocks (although without convergent
guarantee) for solving (4.11) by adding a proximal term σ2 ‖yI − y
k
I ‖
2
T for the yI part,
where T = ‖AIA
∗
I‖I−AIA
∗
I . We call this method ADMM4d, and compare the perfor-
mance of CADMM with that of ADMM4d with τ = 1.618. The computational results
for all the extended BIQ problems are obtained on the same desktop computer as before.
We measure the accuracy of an approximate optimal solution (X, yI , Z, yE , S) for (4.1)
and (4.2) by the relative residual η = max
{
ηP , ηD, ηS , ηK, ηS∗ , ηK∗ , ηC1 , ηC2 , ηI , ηI∗
}
,
23
1 1.5 2 2.5 3 3.5 4 4.5 5
0
0.2
0.4
0.6
0.8
1
at most x times of the best
(10
0y
)%
 of
 pr
ob
lem
s
Performance Profile (iter) (113 θ
+
 and 13 FAP problems) η = 10−6
 
 
CADMM
ADMM3d
ADMM3g
1 1.5 2 2.5 3 3.5 4 4.5 5
0
0.2
0.4
0.6
0.8
1
at most x times of the best
(10
0y
)%
 of
 pr
ob
lem
s
Performance Profile (time) (113 θ
+
 and 13 FAP problems) η = 10−6
 
 
CADMM
ADMM3d
ADMM3g
Figure 3: Performance profiles of the number of iterations and computing time for θ+ and FAP
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Figure 4: Performance profiles of the number of iterations and computing time for QAP
where ηP , ηS , ηK, ηS∗ , ηK∗ , ηC1 , ηC2 are defined as before, and ηD, ηI , ηI∗ are given by
ηD=
‖A∗IyI+ Z +A
∗
EyE +S −C‖
1 + ‖C‖
, ηI=
‖max(0, bI −AIX)‖
1 + ‖bI‖
, ηI∗=
‖max(0,−yI)‖
1 + ‖yI‖
.
We also compute the relative gap by ηg =
〈C,X〉−(〈bE ,yE〉+〈bI ,yI〉)
1+|〈C,X〉+|〈bE ,yE〉+〈bI ,yI〉| . The solvers CADMM,
ADMM4d and LADMM4g were terminated whenever η < 10−6 or the number of iteration
is over the maximum number of iterations kmax = 40000.
Table 3 reports the detailed numerical results for the solvers CADMM, ADMM4d
and LADMM4g in solving a collection of 165 extended BIQ problems. Figure 5 shows
the performance profiles of CADMM, ADMM4d and LADMM4g in terms of the number
of iterations and the computing time, respectively, for the total 165 extended BIQ tested
problems. It can be seen that CADMM requires the least number of iterations for 80%
tested problems although its computing time is comparable with that of ADMM4d, which
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requires the least computing time for 90% tested problems, while ADMM4g requires 1.5
times as many as iterations as CADMM does for 73% tested problems.
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Figure 5: Performance profiles of the number of iterations and computing time for EBIQ
5 Conclusions
We have proposed a corrected semi-proximal ADMM by making suitable correction for
the directly extended semi-proximal ADMM with a large step-size, which does not only
have convergent guarantee but also enjoys good numerical performance for the general
p-block (p≥ 3) convex optimization problems with linear equality constraints. Extensive
numerical tests for the doubly nonnegative SDP problems with many linear equality
and/or inequality constraints show that the corrected semi-proximal ADMM is superior
to the directly extended ADMM with step-size τ = 1.618 in terms of the number of
iterations, and it requires fewer iterations than the latter for 70% test problems within
the comparable computing time. In particular, for 40% tested problems, its number of
iterations is only 67% that of the multi-block ADMM with Gaussian back substitution.
Thus, the proposed corrected semi-proximal ADMM to a certain extent resolves the
dilemma facing all the existing modified versions of the directly extended ADMM. To
the best of our knowledge, this is also the first convergent semi-proximal ADMM for the
general multi-block convex optimization problem (1.1).
We see from the τ column of Table 2-3 that for most of test instances, the step-size τk
of the prediction step computed by our proposed formula lies in the interval [1.8, 1.95],
while for some test instances (for example, QAP test problems) it will reduce to be strictly
less than 1 when the relative residual η is less than a certain threshold. It is interesting
that the corrected semi-proximal ADMM still yields the desired result, provided that the
small step-size appears after the relative residual η is less than some threshold. This
phenomenon seems to match well with the linear convergence rate analysis of the multi-
block ADMM in [16]. In our future research work, we will focus on the convergence
rate analysis of the corrected semi-proximal ADMM. Another future research work is to
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explore the effective convergent algorithms for general p-block (p≥ 3) separable convex
optimization based on the directly extended ADMM with large step-size.
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Table 2: Performance of CADMM, ADMM3d and ADMM3g on θ+ , FAP, QAP, BIQ and
RCP problems with accuray=10−6 . In this table, τ column reports the final value of τk
of CADMM, and the computing time is in the format of “hours:minutes:seconds’. In the
name of the last 120 problems, “-s, -m, -l” means “-small, -medium, -large”, respectively.
iteration η gap τ time
problem m | n cadm|adm3d|adm3g cadm|adm3d|adm3g cadm|adm3d|adm3g cadm cadm|adm3d|adm3g
theta4 1949 | 200 311 | 319 | 485 9.9-7 | 9.7-7 | 3.3-7 3.6-7 | 3.6-7 | -4.9-8 1.84 04 | 04 | 07
theta42 5986 | 200 186 | 193 | 222 9.9-7 | 9.9-7 | 5.2-7 6.1-8 | 4.6-8 | 9.9-9 1.64 03 | 03 | 03
theta6 4375 | 300 308 | 325 | 401 8.6-7 | 8.9-7 | 4.8-7 -1.7-6 | -1.5-6 | -7.2-7 1.85 11 | 10 | 14
theta62 13390 | 300 175 | 168 | 192 9.9-7 | 9.6-7 | 7.9-7 7.8-8 | 1.4-7 | 6.5-8 1.59 06 | 06 | 07
theta8 7905 | 400 306 | 334 | 404 9.9-7 | 8.7-7 | 8.8-7 1.6-6 | -1.3-6 | -2.3-7 1.84 19 | 18 | 24
theta82 23872 | 400 176 | 160 | 189 9.9-7 | 9.2-7 | 4.6-7 -1.8-8 | -2.0-7 | 9.9-8 1.65 11 | 09 | 13
theta83 39862 | 400 187 | 152 | 184 9.9-7 | 9.7-7 | 7.4-7 1.5-9 | 7.5-8 | -4.4-9 1.92 13 | 09 | 12
theta10 12470 | 500 361 | 379 | 432 7.4-7 | 8.9-7 | 9.1-7 1.4-6 | 1.6-6 | 4.0-7 1.84 35 | 34 | 42
theta102 37467 | 500 170 | 150 | 191 9.2-7 | 9.7-7 | 5.7-7 1.3-7 | 3.0-7 | 2.3-7 1.66 18 | 14 | 20
theta103 62516 | 500 191 | 162 | 182 9.8-7 | 9.4-7 | 4.0-7 -6.4-9 | 5.3-8 | -3.6-8 1.93 20 | 16 | 19
theta104 87245 | 500 209 | 169 | 198 9.9-7 | 9.6-7 | 4.8-7 -4.4-8 | 9.0-8 | -4.8-8 1.94 23 | 17 | 21
theta12 17979 | 600 374 | 381 | 442 9.9-7 | 8.9-7 | 9.3-7 -1.8-6 | 1.5-6 | 7.5-7 1.85 54 | 51 | 1:03
theta123 90020 | 600 187 | 167 | 192 9.4-7 | 9.5-7 | 5.7-7 2.0-8 | 5.3-8 | -1.3-8 1.92 30 | 25 | 30
theta162 127600 | 800 179 | 150 | 176 9.4-7 | 9.1-7 | 4.7-7 -2.2-9 | 4.2-8 | -3.7-8 1.91 55 | 42 | 53
theta32 2286 | 150 235 | 219 | 310 9.9-7 | 9.8-7 | 4.5-7 1.1-7 | 9.7-8 | 3.9-8 1.89 02 | 02 | 03
MANN-a45 533116 | 1035 113 | 74 | 90 9.9-7 | 7.1-7 | 9.9-7 9.6-7 | -4.4-6 | -8.3-6 1.90 45 | 25 | 35
hamming6-4 705 | 64 226 | 224 | 231 7.6-7 | 8.3-7 | 5.7-7 -2.3-6 | -2.1-6 | 1.8-6 1.62 01 | 00 | 01
hamming8-4 20865 | 256 257 | 262 | 293 9.4-7 | 7.9-7 | 1.0-6 -3.0-6 | 3.6-6 | -1.3-6 1.64 06 | 06 | 07
MANN-a9 919 | 45 90 | 81 | 76 8.6-7 | 9.8-7 | 8.1-7 3.7-7 | -1.3-6 | -1.8-6 1.76 00 | 00 | 00
MANN-a27 70552 | 378 76 | 63 | 71 9.2-7 | 8.0-7 | 7.7-7 -1.2-6 | -3.4-6 | 3.9-6 1.76 04 | 03 | 04
johnson8-2-4 211 | 28 104 | 104 | 107 9.4-7 | 7.8-7 | 9.0-7 9.4-7 | 1.2-6 | 8.2-7 1.95 00 | 00 | 00
johnson8-4-4 1856 | 70 106 | 109 | 117 7.4-7 | 6.6-7 | 7.1-7 -2.6-6 | -2.5-6 | 2.1-6 1.38 00 | 00 | 00
johnson16-2-4 5461 | 120 210 | 196 | 207 8.4-7 | 9.7-7 | 9.7-7 2.8-7 | 1.5-6 | 1.3-6 1.40 01 | 01 | 01
johnson32-2-4 107881 | 496 409 | 398 | 409 9.4-7 | 9.5-7 | 9.4-7 -3.2-8 | 3.7-7 | -1.2-6 1.89 36 | 29 | 35
sanr200-0.7 13869 | 200 249 | 234 | 401 9.9-7 | 9.8-7 | 1.1-7 -2.8-8 | 1.6-7 | -1.5-8 1.95 04 | 03 | 06
san200-0.7-1 13931 | 200 3029 | 2926 | 3583 9.9-7 | 9.9-7 | 9.4-7 -1.4-6 | -1.4-6 | -1.4-6 1.52 44 | 38 | 51
san200-0.7-2 13931 | 200 1210 | 831 | 755 9.1-7 | 9.3-7 | 9.3-7 2.3-6 | 2.2-6 | 4.1-6 1.77 14 | 09 | 09
sanr200-0.9 17864 | 200 463 | 575 | 1001 9.9-7 | 9.9-7 | 8.5-8 -3.0-7 | -3.9-7 | -4.7-8 1.95 07 | 08 | 15
san200-0.9-1 17911 | 200 9455 | 10549 | 14801 9.9-7 | 9.9-7 | 9.2-7 -5.2-6 | -5.2-6 | -5.0-6 1.95 2:17 | 2:14 | 3:33
san200-0.9-2 17911 | 200 1313 | 1330 | 1788 9.9-7 | 9.9-7 | 8.1-7 -1.0-6 | -1.3-6 | -1.2-6 1.95 19 | 17 | 26
san200-0.9-3 17911 | 200 802 | 816 | 2501 9.9-7 | 9.9-7 | 1.9-7 -8.4-7 | -6.9-7 | -4.8-7 1.95 12 | 10 | 36
sanr400-0.5 39985 | 400 210 | 144 | 228 9.8-7 | 9.9-7 | 3.1-7 -2.4-8 | 4.4-8 | -7.8-8 1.95 14 | 09 | 15
san400-0.5-1 39901 | 400 523 | 575 | 807 9.9-7 | 9.9-7 | 6.2-7 -2.0-7 | -1.9-7 | -1.6-7 1.71 34 | 34 | 52
sanr400-0.7 55870 | 400 228 | 159 | 243 9.6-7 | 9.3-7 | 2.7-7 -4.2-8 | 1.4-7 | -9.8-8 1.95 16 | 10 | 16
san400-0.7-1 55861 | 400 450 | 432 | 823 9.7-7 | 9.9-7 | 1.4-7 4.8-8 | -2.2-6 | -9.7-7 1.41 30 | 25 | 53
san400-0.7-2 55861 | 400 5125 | 9787 | 8921 9.9-7 | 9.7-7 | 9.9-7 -1.4-5 | -1.1-5 | -9.3-6 0.11 4:01 | 6:05 | 6:36
san400-0.7-3 55861 | 400 2860 | 1999 | 2037 9.8-7 | 9.9-7 | 9.8-7 -5.8-6 | -3.7-6 | 5.6-6 0.49 2:12 | 1:17 | 1:32
san400-0.9-1 71821 | 400 960 | 1048 | 1442 9.9-7 | 9.9-7 | 8.3-7 -1.1-6 | -1.1-6 | -2.1-6 1.95 1:06 | 1:01 | 1:36
c-fat200-1 1535 | 200 1418 | 1417 | 20000 8.6-7 | 9.5-7 | 1.5-5 1.8-8 | -1.7-8 | 4.0-8 1.80 14 | 12 | 3:09
c-fat200-2 3236 | 200 182 | 205 | 226 7.6-7 | 8.6-7 | 1.0-6 7.6-6 | -7.0-6 | -1.0-6 1.92 02 | 02 | 02
c-fat200-5 8474 | 200 196 | 170 | 296 9.9-7 | 7.4-7 | 6.4-7 3.0-8 | -3.0-8 | -4.6-9 1.90 02 | 01 | 03
c-fat500-1 4460 | 500 1034 | 1185 | 1376 9.5-7 | 8.7-7 | 9.8-7 6.2-6 | 5.8-6 | 8.2-7 1.84 1:15 | 1:18 | 1:38
c-fat500-2 9140 | 500 428 | 431 | 532 8.4-7 | 8.6-7 | 9.2-7 1.0-5 | -1.1-5 | 3.9-7 1.90 30 | 28 | 37
c-fat500-5 23192 | 500 201 | 190 | 221 2.9-7 | 7.1-7 | 7.9-7 8.5-6 | 1.7-5 | 2.9-6 1.92 13 | 11 | 14
c-fat500-10 46628 | 500 155 | 164 | 219 9.6-7 | 7.5-7 | 2.3-7 -1.5-7 | -3.9-7 | -5.6-8 1.91 10 | 09 | 14
DSJC500-5 62625 | 500 202 | 143 | 201 9.4-7 | 9.9-7 | 2.8-7 -7.8-9 | 5.3-8 | -8.6-8 1.94 22 | 14 | 22
DSJC1000-5 249827 | 1000 214 | 162 | 224 9.6-7 | 9.2-7 | 3.1-7 -2.6-8 | -6.4-9 | -6.8-8 1.94 1:58 | 1:21 | 2:02
hamming6-2 1825 | 64 218 | 194 | 261 4.9-7 | 8.6-7 | 9.7-7 -1.1-5 | -1.7-5 | -7.6-7 1.76 00 | 00 | 01
hamming-6-4 1313 | 64 68 | 69 | 73 9.9-7 | 9.8-7 | 8.4-7 4.3-6 | -3.3-6 | 2.2-6 1.95 00 | 00 | 00
hamming8-2 31617 | 256 564 | 491 | 668 7.2-7 | 8.5-7 | 9.7-7 4.6-5 | -6.8-5 | -1.4-6 1.09 11 | 08 | 13
hamming-8-4 11777 | 256 133 | 134 | 137 8.3-7 | 9.0-7 | 9.7-7 -1.7-6 | -2.1-6 | -1.4-6 1.87 03 | 02 | 03
hamming-9-8 2305 | 512 2978 | 2824 | 3082 9.7-7 | 9.9-7 | 9.8-7 -1.5-6 | 7.1-7 | 3.8-7 0.67 3:27 | 2:53 | 3:30
hamming-10-2 23041 | 1024 701 | 718 | 752 9.4-7 | 9.2-7 | 7.9-7 3.7-6 | 3.6-6 | 1.3-6 1.89 4:59 | 4:42 | 5:15
hamming-7-5-6 1793 | 128 592 | 580 | 585 8.9-7 | 9.7-7 | 9.5-7 2.0-6 | 1.1-6 | 1.2-6 1.67 03 | 03 | 03
hamming-8-3-4 16129 | 256 224 | 244 | 282 6.8-7 | 4.3-7 | 7.5-7 3.2-7 | 1.5-7 | -2.0-8 1.54 05 | 05 | 07
hamming-9-5-6 53761 | 512 537 | 537 | 533 9.0-7 | 9.9-7 | 9.6-7 -1.6-6 | -1.9-6 | -1.3-6 1.47 47 | 43 | 46
brock200-1 14835 | 200 457 | 485 | 1101 9.8-7 | 9.9-7 | 9.8-8 -1.0-7 | -8.8-8 | -5.7-8 1.95 07 | 07 | 17
brock200-2 9877 | 200 208 | 157 | 218 9.6-7 | 9.6-7 | 3.8-7 -2.1-8 | 4.9-8 | -9.4-8 1.95 03 | 02 | 03
brock200-3 12049 | 200 225 | 181 | 244 9.5-7 | 9.7-7 | 3.1-7 -4.9-8 | -1.7-7 | -1.2-7 1.95 03 | 03 | 04
brock200-4 13090 | 200 226 | 192 | 263 8.6-7 | 9.9-7 | 3.6-7 -4.8-8 | -2.1-7 | -1.5-7 1.95 03 | 03 | 04
brock400-1 59724 | 400 230 | 167 | 247 9.9-7 | 9.6-7 | 2.8-7 -2.5-8 | -1.3-8 | -9.7-8 1.95 16 | 10 | 17
brock400-2 59787 | 400 230 | 164 | 251 9.8-7 | 9.7-7 | 3.1-7 -9.0-8 | -9.1-8 | -1.1-7 1.95 16 | 10 | 17
brock400-3 59682 | 400 230 | 164 | 251 9.5-7 | 9.5-7 | 2.8-7 -1.0-7 | -3.3-8 | -1.1-7 1.95 16 | 10 | 17
brock400-4 59766 | 400 230 | 170 | 250 9.9-7 | 9.5-7 | 2.8-7 -5.3-8 | 1.5-8 | -9.2-8 1.95 16 | 10 | 17
brock800-1 207506 | 800 224 | 155 | 218 9.9-7 | 9.2-7 | 2.5-7 -5.0-8 | 3.5-8 | -10.0-8 1.95 1:12 | 45 | 1:10
brock800-2 208167 | 800 225 | 154 | 218 9.8-7 | 9.2-7 | 2.4-7 -8.3-8 | 1.2-8 | -1.0-7 1.95 1:12 | 45 | 1:09
brock800-3 207334 | 800 225 | 154 | 220 9.9-7 | 9.5-7 | 2.4-7 -7.6-8 | 1.7-8 | -10.0-8 1.95 1:12 | 45 | 1:10
brock800-4 207644 | 800 225 | 154 | 216 9.7-7 | 9.1-7 | 2.5-7 -6.2-8 | 1.9-8 | -9.8-8 1.95 1:12 | 45 | 1:09
keller4 5101 | 171 386 | 332 | 688 9.9-7 | 9.9-7 | 7.0-8 3.5-7 | -4.4-7 | -5.1-8 1.95 03 | 03 | 06
keller5 225991 | 776 698 | 749 | 725 9.9-7 | 9.9-7 | 9.9-7 1.7-6 | 1.5-6 | -1.6-6 1.40 2:37 | 2:27 | 2:41
p-hat300-1 10934 | 300 1262 | 1445 | 5401 9.9-7 | 9.9-7 | 2.9-7 -4.2-7 | -4.6-7 | -3.3-7 1.88 43 | 44 | 3:01
p-hat300-2 21929 | 300 2939 | 3428 | 20000 9.9-7 | 9.9-7 | 4.6-7 -1.6-6 | -1.5-6 | -1.9-6 1.95 1:43 | 1:47 | 11:35
p-hat300-3 33391 | 300 638 | 729 | 2301 9.9-7 | 9.9-7 | 1.2-7 2.7-7 | 3.7-7 | -1.2-7 1.95 23 | 23 | 1:21
C125.9 6964 | 125 13690 | 14480 | 20000 9.9-7 | 9.9-7 | 1.4-6 -1.8-6 | -2.1-6 | -3.6-6 1.93 1:28 | 1:21 | 2:07
C250.9 27985 | 250 968 | 1462 | 1348 9.7-7 | 9.7-7 | 9.4-7 1.2-5 | 1.1-5 | 9.2-6 0.32 19 | 23 | 25
C500.9 112333 | 500 243 | 214 | 347 9.9-7 | 9.8-7 | 2.5-7 -4.1-8 | -1.4-7 | -1.7-7 1.95 27 | 21 | 38
G43 9991 | 1000 1141 | 1198 | 1296 9.9-7 | 9.9-7 | 5.4-7 -1.8-6 | -1.8-6 | 3.4-8 1.82 6:46 | 6:34 | 7:37
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Table 2: (continued) Performance of CADMM, ADMM3d and ADMM3g on θ+, FAP, QAP,
BIQ and RCP problems with accuray=10−6 . In this table, τ column reports the final value
of τk of CADMM, and the computing time is in the format of “hours:minutes:seconds’. In
the name of the last 120 problems, “-s, -m, -l” means “-small, -medium, -large”, respectively.
iteration η gap τ time
problem m | n cadm|adm3d|adm3g cadm|adm3d|adm3g cadm|adm3d|adm3g cadm cadm|adm3d|adm3g
G44 9991 | 1000 1135 | 1203 | 1340 9.1-7 | 9.5-7 | 3.8-7 -1.7-6 | -9.6-7 | -4.0-7 1.83 6:43 | 6:34 | 7:52
G45 9991 | 1000 1163 | 1198 | 1341 9.6-7 | 9.8-7 | 4.2-7 1.7-6 | -1.7-6 | -6.4-7 1.82 6:54 | 6:34 | 7:53
G46 9991 | 1000 1187 | 1274 | 1331 8.9-7 | 9.7-7 | 4.3-7 -1.6-6 | 1.8-6 | -2.6-7 1.81 7:01 | 6:57 | 7:49
G47 9991 | 1000 1135 | 1181 | 1353 9.0-7 | 9.9-7 | 2.4-7 -1.7-6 | 1.0-6 | -3.9-7 1.85 6:42 | 6:27 | 7:55
G51 5910 | 1000 3133 | 3201 | 6901 9.9-7 | 9.9-7 | 5.4-7 -6.9-7 | -1.4-6 | -3.9-8 1.89 24:36 | 23:50 | 54:32
G52 5917 | 1000 9038 | 10629 | 9301 9.9-7 | 9.9-7 | 9.9-7 -1.3-7 | -3.5-7 | 2.3-7 1.89 1:11:49 | 1:17:37 | 1:12:32
G53 5915 | 1000 13309 | 14509 | 20000 9.9-7 | 9.9-7 | 1.6-6 -1.9-6 | -1.6-6 | -2.4-6 1.89 1:45:10 | 1:48:25 | 2:36:28
G54 5917 | 1000 3289 | 4088 | 4801 9.9-7 | 9.9-7 | 6.0-7 -2.5-6 | 2.3-6 | -5.3-7 1.89 25:43 | 30:11 | 37:14
1dc.64 544 | 64 366 | 366 | 406 9.0-7 | 9.4-7 | 9.8-7 -2.3-7 | 5.3-7 | 2.1-6 1.95 01 | 01 | 01
1et.64 265 | 64 214 | 245 | 301 9.4-7 | 9.8-7 | 9.2-7 1.8-6 | -2.4-6 | 6.8-7 1.87 00 | 00 | 01
1tc.64 193 | 64 329 | 343 | 419 8.5-7 | 9.2-7 | 9.2-7 2.7-6 | -2.8-6 | 8.1-7 1.95 01 | 01 | 01
1dc.128 1472 | 128 2613 | 2661 | 3484 9.9-7 | 9.9-7 | 9.9-7 -1.7-6 | -1.8-6 | -1.9-6 1.69 15 | 14 | 19
1et.128 673 | 128 359 | 363 | 481 9.2-7 | 8.6-7 | 2.5-7 -2.5-6 | -2.6-6 | -3.9-8 1.91 02 | 02 | 02
1tc.128 513 | 128 1186 | 1063 | 1144 9.0-7 | 9.6-7 | 9.9-7 2.2-7 | -2.3-6 | 2.6-7 1.91 05 | 04 | 05
1zc.128 1121 | 128 179 | 175 | 228 7.8-7 | 9.3-7 | 7.5-7 2.2-6 | 2.5-6 | -3.9-8 1.68 01 | 01 | 01
2dc.128 5174 | 128 727 | 827 | 980 9.5-7 | 9.9-7 | 5.5-7 7.6-8 | -1.1-7 | -7.4-7 1.92 04 | 04 | 06
1dc.256 3840 | 256 5915 | 8069 | 5335 9.6-7 | 9.6-7 | 9.7-7 -4.8-6 | 4.6-6 | 4.7-6 0.90 1:38 | 1:56 | 1:29
1et.256 1665 | 256 791 | 825 | 1144 9.8-7 | 9.9-7 | 2.2-7 3.8-7 | 2.3-7 | 6.6-8 1.82 16 | 15 | 22
1tc.256 1313 | 256 1815 | 1393 | 3001 9.9-7 | 9.9-7 | 2.6-7 -1.9-7 | 1.1-7 | -3.2-7 1.89 38 | 27 | 1:02
1zc.256 2817 | 256 249 | 277 | 289 9.0-7 | 7.9-7 | 9.7-7 -2.3-6 | -1.9-6 | 9.1-7 1.73 05 | 05 | 05
2dc.256 17184 | 256 9572 | 9817 | 17845 9.9-7 | 9.9-7 | 9.8-7 -1.1-5 | -1.2-5 | -8.7-6 1.95 3:35 | 3:25 | 6:32
1dc.512 9728 | 512 2672 | 2856 | 3519 9.9-7 | 9.9-7 | 9.3-7 -1.7-7 | -1.7-7 | -2.0-7 1.82 4:17 | 4:11 | 5:32
1et.512 4033 | 512 946 | 1067 | 1553 9.9-7 | 9.9-7 | 1.5-7 -9.8-8 | 3.2-7 | -3.5-7 1.90 1:22 | 1:23 | 2:12
1tc.512 3265 | 512 2852 | 4282 | 4301 9.9-7 | 9.9-7 | 3.8-7 -6.6-7 | -1.1-7 | -2.9-7 1.88 4:22 | 6:20 | 6:28
2dc.512 54896 | 512 3712 | 4240 | 5301 9.9-7 | 9.9-7 | 4.0-7 -3.9-6 | -2.5-6 | -2.1-6 1.95 5:41 | 5:53 | 7:59
1zc.512 6913 | 512 486 | 534 | 657 9.3-7 | 8.8-7 | 6.3-7 -2.8-6 | 2.7-6 | -2.2-8 1.76 40 | 40 | 53
1dc.1024 24064 | 1024 3058 | 3300 | 3942 9.9-7 | 9.9-7 | 8.4-7 -5.5-7 | -7.4-7 | -7.9-7 1.84 24:35 | 24:59 | 31:20
1et.1024 9601 | 1024 1689 | 1580 | 2314 9.9-7 | 9.9-7 | 4.5-7 4.3-8 | 9.0-8 | -1.7-7 1.89 12:42 | 11:00 | 17:09
1tc.1024 7937 | 1024 3545 | 3947 | 6801 9.9-7 | 9.9-7 | 3.3-7 -4.4-7 | -1.1-6 | -5.5-7 1.89 27:35 | 28:32 | 52:12
1zc.1024 16641 | 1024 749 | 781 | 879 8.7-7 | 8.6-7 | 9.6-7 2.7-6 | 2.7-6 | 8.9-7 1.74 5:29 | 6:34 | 6:20
2dc.1024 169163 | 1024 5809 | 6441 | 20000 9.9-7 | 9.9-7 | 1.0-6 -7.9-6 | -7.9-6 | 9.1-6 1.95 46:06 | 47:35 | 2:39:50
1dc.2048 58368 | 2048 5445 | 5736 | 6647 9.9-7 | 9.9-7 | 9.3-7 -7.8-7 | -6.2-7 | -8.7-7 1.87 3:02:23 | 3:02:40 | 3:47:51
1et.2048 22529 | 2048 2766 | 3118 | 4301 9.9-7 | 9.9-7 | 5.0-7 -1.5-6 | -1.4-6 | -1.3-6 1.89 1:26:11 | 1:32:34 | 2:17:35
1tc.2048 18945 | 2048 3460 | 4766 | 6101 9.9-7 | 9.9-7 | 5.2-7 -4.8-7 | -8.4-7 | -8.1-7 1.89 2:05:05 | 2:45:08 | 3:28:32
1zc.2048 39425 | 2048 1302 | 1337 | 2377 9.5-7 | 9.1-7 | 7.2-7 -3.0-6 | 2.4-6 | -1.2-6 1.82 40:55 | 38:46 | 1:20:24
2dc.2048 504452 | 2048 4177 | 4323 | 5191 9.9-7 | 9.9-7 | 9.0-7 -4.5-6 | -4.2-6 | -7.5-6 1.84 2:16:34 | 2:12:21 | 2:48:57
fap01 52 | 52 639 | 557 | 715 9.5-7 | 9.5-7 | 9.7-7 9.2-7 | -7.4-6 | 2.0-6 1.15 01 | 01 | 01
fap02 61 | 61 882 | 1022 | 1130 9.8-7 | 9.2-7 | 9.0-7 7.1-6 | 2.5-6 | 1.7-5 1.90 01 | 02 | 02
fap03 65 | 65 565 | 642 | 904 9.9-7 | 9.9-7 | 9.9-7 -5.7-6 | -6.5-6 | -6.4-6 1.95 01 | 01 | 02
fap04 81 | 81 499 | 569 | 712 9.9-7 | 9.8-7 | 9.9-7 1.6-5 | 1.6-5 | 1.6-5 1.95 01 | 02 | 02
fap05 84 | 84 1665 | 1903 | 2187 9.9-7 | 9.9-7 | 9.9-7 -2.2-6 | -1.7-6 | -1.3-6 1.95 06 | 06 | 08
fap06 93 | 93 633 | 624 | 1232 9.9-7 | 9.9-7 | 9.9-7 -2.3-6 | -2.9-6 | -1.4-6 1.95 03 | 02 | 05
fap07 98 | 98 698 | 690 | 889 9.9-7 | 9.9-7 | 9.9-7 -1.4-6 | -1.4-6 | -1.3-6 1.95 03 | 02 | 03
fap08 120 | 120 433 | 515 | 580 9.9-7 | 9.9-7 | 9.9-7 -5.0-6 | -3.8-6 | -5.1-6 1.95 02 | 02 | 03
fap09 174 | 174 412 | 482 | 555 9.9-7 | 9.9-7 | 9.9-7 9.8-7 | 1.1-6 | 9.1-7 1.95 04 | 04 | 05
fap10 183 | 183 3706 | 4010 | 5099 9.9-7 | 9.9-7 | 9.9-7 -3.9-5 | -3.9-5 | -4.0-5 1.90 53 | 54 | 1:11
fap11 252 | 252 3324 | 3730 | 4568 9.9-7 | 9.9-7 | 9.9-7 -5.0-5 | -4.9-5 | -5.0-5 1.90 1:25 | 1:31 | 1:55
fap12 369 | 369 5468 | 6561 | 7467 9.9-7 | 9.9-7 | 9.9-7 -4.6-5 | -4.4-5 | -4.6-5 1.90 4:41 | 5:18 | 6:20
fap25 2118 | 2118 8047 | 8235 | 10314 9.8-7 | 9.9-7 | 9.9-7 -1.2-5 | -1.2-5 | -1.2-5 1.90 5:24:18 | 5:31:01 | 7:16:36
bur26a 1051 | 676 20000 | 20000 | 20000 1.4-5 | 1.3-5 | 1.7-5 -2.5-5 | -2.4-5 | -2.6-5 1.95 52:59 | 52:47 | 57:27
bur26b 1051 | 676 20000 | 20000 | 20000 1.4-5 | 1.5-5 | 1.1-5 -2.8-5 | -3.0-5 | -2.4-5 1.95 53:29 | 50:13 | 58:02
bur26c 1051 | 676 20000 | 20000 | 20000 1.8-5 | 2.1-5 | 2.0-5 -3.1-5 | -3.5-5 | -2.8-5 1.94 53:02 | 48:48 | 55:29
bur26d 1051 | 676 20000 | 20000 | 20000 1.9-5 | 1.2-5 | 2.0-5 -3.9-5 | -3.3-5 | -4.0-5 1.95 52:50 | 53:45 | 58:10
bur26e 1051 | 676 20000 | 20000 | 20000 1.1-5 | 2.7-6 | 1.4-5 -1.0-5 | -2.8-6 | -1.2-5 1.90 52:56 | 51:55 | 57:19
bur26f 1051 | 676 20000 | 20000 | 19058 2.6-6 | 6.2-6 | 9.9-7 -4.5-6 | -5.8-6 | -4.3-6 1.90 52:08 | 48:11 | 53:28
bur26g 1051 | 676 9133 | 11020 | 19199 9.9-7 | 9.6-7 | 9.9-7 -4.5-7 | 4.4-8 | -5.0-6 1.86 23:31 | 28:22 | 52:34
bur26h 1051 | 676 10785 | 20000 | 16070 9.9-7 | 1.3-6 | 9.8-7 -2.4-6 | -1.9-6 | -2.5-6 1.88 27:21 | 48:57 | 44:12
chr12a 232 | 144 4472 | 4499 | 4078 2.5-7 | 3.9-7 | 6.7-7 -3.7-6 | 3.7-6 | -4.1-6 1.06 22 | 20 | 21
chr12b 232 | 144 4761 | 3682 | 3642 4.4-7 | 6.6-7 | 9.0-7 -9.4-6 | 1.0-5 | -8.2-6 1.07 21 | 16 | 17
chr12c 232 | 144 19941 | 20000 | 20000 8.9-7 | 1.0-5 | 1.8-5 -1.9-5 | -4.1-5 | -4.1-5 1.09 2:04 | 1:56 | 2:06
chr15a 358 | 225 20000 | 20000 | 20000 2.6-5 | 2.8-5 | 4.6-5 -1.5-4 | -1.6-4 | -1.8-4 1.92 4:48 | 4:22 | 4:49
chr15b 358 | 225 3909 | 4872 | 5231 8.9-7 | 9.9-7 | 9.7-7 -2.5-5 | -2.8-5 | -2.7-5 0.39 53 | 58 | 1:11
chr15c 358 | 225 3735 | 4279 | 4685 9.6-7 | 9.1-7 | 9.8-7 2.7-5 | 2.5-5 | -2.6-5 0.29 50 | 50 | 1:01
chr18a 511 | 324 20000 | 20000 | 20000 1.4-5 | 1.4-5 | 2.0-5 -3.2-5 | -3.1-5 | -3.1-5 1.91 11:47 | 10:49 | 11:56
chr18b 511 | 324 1196 | 1563 | 1653 9.9-7 | 9.9-7 | 9.9-7 -5.4-7 | -1.1-6 | -9.0-7 1.92 43 | 52 | 1:01
chr20a 628 | 400 12994 | 16606 | 19613 9.3-7 | 9.9-7 | 9.1-7 -1.9-5 | -1.1-5 | -1.2-5 0.29 11:12 | 13:07 | 17:27
chr20b 628 | 400 8987 | 9665 | 13145 8.4-7 | 9.1-7 | 9.9-7 3.1-5 | -3.3-5 | -3.5-5 0.27 8:00 | 7:39 | 11:38
chr20c 628 | 400 15319 | 15687 | 16231 8.5-7 | 9.1-7 | 9.7-7 -1.5-5 | -1.1-5 | -1.3-5 1.86 10:56 | 10:10 | 12:01
chr22a 757 | 484 7153 | 9283 | 10896 9.7-7 | 9.8-7 | 9.6-7 3.7-5 | 3.7-5 | 3.6-5 0.19 9:26 | 10:40 | 14:08
chr22b 757 | 484 9545 | 9325 | 11473 9.9-7 | 9.8-7 | 9.5-7 3.6-5 | -3.5-5 | -3.4-5 0.34 12:31 | 10:58 | 15:32
chr25a 973 | 625 8402 | 10379 | 12436 9.7-7 | 9.9-7 | 9.9-7 4.1-5 | 4.2-5 | 4.2-5 0.47 19:35 | 21:31 | 29:28
els19 568 | 361 4751 | 5008 | 5446 9.7-7 | 7.9-7 | 9.6-7 2.8-6 | -7.0-8 | -4.2-6 1.85 3:03 | 3:03 | 3:42
esc16a 406 | 256 20000 | 20000 | 20000 1.2-5 | 1.3-5 | 1.0-6 -4.4-5 | -5.0-5 | -2.0-5 1.95 6:21 | 5:16 | 6:56
esc16b 406 | 256 20000 | 20000 | 20000 1.7-6 | 2.5-6 | 4.1-5 -9.9-5 | -9.8-5 | -4.8-4 1.89 5:44 | 5:01 | 7:33
esc16c 406 | 256 20000 | 20000 | 20000 1.5-5 | 3.9-5 | 6.2-5 -1.5-4 | -1.4-4 | -3.0-4 1.94 6:08 | 5:20 | 7:01
esc16d 406 | 256 247 | 352 | 551 9.4-7 | 9.7-7 | 9.9-7 -5.7-7 | -8.3-7 | -1.8-6 1.95 05 | 06 | 10
esc16e 406 | 256 337 | 441 | 714 9.9-7 | 9.9-7 | 6.9-7 -7.5-7 | -7.7-8 | -3.0-6 1.95 06 | 07 | 12
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Table 2: (continued) Performance of CADMM, ADMM3d and ADMM3g on θ+, FAP, QAP,
BIQ and RCP problems with accuray=10−6 . In this table, τ column reports the final value
of τk of CADMM, and the computing time is in the format of “hours:minutes:seconds’. In
the name of the last 120 problems, “-s, -m, -l” means “-small, -medium, -large”, respectively.
iteration η gap τ time
problem m | n cadm|adm3d|adm3g cadm|adm3d|adm3g cadm|adm3d|adm3g cadm cadm|adm3d|adm3g
esc16g 406 | 256 393 | 444 | 791 9.9-7 | 9.9-7 | 8.7-7 9.5-8 | -1.2-7 | -1.6-6 1.95 07 | 07 | 14
esc16h 406 | 256 20000 | 20000 | 20000 1.3-6 | 1.5-6 | 1.7-5 -1.1-5 | -1.2-5 | -4.6-5 1.95 5:41 | 4:59 | 7:48
esc16i 406 | 256 1496 | 1584 | 1876 9.9-7 | 9.9-7 | 9.9-7 -6.0-7 | -4.5-7 | -5.0-7 1.91 26 | 24 | 33
esc16j 406 | 256 409 | 521 | 1361 9.8-7 | 9.9-7 | 9.2-7 -5.6-6 | -4.0-6 | -5.0-6 1.95 07 | 08 | 24
esc32a 1582 | 1024 2881 | 3211 | 3408 9.9-7 | 9.9-7 | 9.9-7 -2.3-7 | -1.3-7 | -2.7-6 1.90 23:54 | 27:02 | 28:44
esc32b 1582 | 1024 20000 | 20000 | 20000 1.7-6 | 5.3-6 | 7.4-6 -3.2-5 | -4.2-5 | -6.6-5 1.95 2:32:39 | 2:28:27 | 2:51:39
esc32c 1582 | 1024 20000 | 20000 | 20000 3.7-6 | 4.2-6 | 1.3-5 -1.5-5 | -1.6-5 | -2.9-5 1.73 2:20:45 | 2:16:15 | 2:27:11
esc32d 1582 | 1024 689 | 1105 | 1228 9.9-7 | 9.9-7 | 9.9-7 -1.6-6 | -2.1-7 | -1.6-7 1.92 5:07 | 7:04 | 9:14
esc32e 1582 | 1024 977 | 983 | 6399 9.9-7 | 9.9-7 | 8.4-7 1.9-9 | 1.4-9 | -2.9-6 1.93 6:50 | 6:12 | 43:50
esc32f 1582 | 1024 977 | 983 | 6399 9.9-7 | 9.9-7 | 8.4-7 1.9-9 | 1.4-9 | -2.9-6 1.93 6:47 | 6:16 | 44:07
esc32g 1582 | 1024 461 | 546 | 2113 7.1-7 | 9.1-7 | 9.9-7 3.7-8 | -3.3-8 | -3.0-6 1.95 3:14 | 3:28 | 14:40
esc32h 1582 | 1024 20000 | 20000 | 20000 3.3-5 | 3.2-5 | 3.3-5 -1.3-4 | -1.3-4 | -2.7-4 1.95 2:31:52 | 2:21:28 | 2:33:37
had12 232 | 144 20000 | 20000 | 20000 1.9-6 | 2.1-6 | 8.3-6 -1.0-5 | -1.1-5 | -6.0-6 1.90 2:03 | 1:53 | 2:04
had14 313 | 196 20000 | 20000 | 20000 5.9-6 | 7.2-6 | 1.5-5 -1.9-5 | -2.3-5 | -1.5-5 1.91 3:36 | 3:16 | 3:36
had16 406 | 256 12877 | 14321 | 18380 9.9-7 | 7.7-7 | 9.6-7 1.2-5 | -9.5-6 | -1.2-5 0.43 4:45 | 4:39 | 6:52
had18 511 | 324 20000 | 20000 | 20000 2.8-5 | 3.2-5 | 4.7-5 -1.4-4 | -1.7-4 | -2.0-4 1.91 11:42 | 10:30 | 11:50
had20 628 | 400 20000 | 20000 | 20000 3.0-5 | 3.1-5 | 4.9-5 -1.3-4 | -1.3-4 | -1.9-4 1.91 18:29 | 16:39 | 18:37
kra30a 1393 | 900 20000 | 20000 | 20000 3.3-5 | 3.6-5 | 4.3-5 -2.2-4 | -2.3-4 | -3.9-4 1.95 1:50:27 | 1:42:43 | 1:50:12
kra30b 1393 | 900 20000 | 20000 | 20000 2.9-5 | 3.0-5 | 4.1-5 -1.7-4 | -1.8-4 | -3.7-4 1.95 1:57:12 | 1:49:16 | 1:57:05
kra32 1582 | 1024 20000 | 20000 | 20000 2.9-5 | 3.1-5 | 3.3-5 -1.3-4 | -1.5-4 | -2.6-4 1.95 2:46:55 | 2:28:44 | 2:40:10
lipa20a 628 | 400 3308 | 3900 | 4233 9.9-7 | 9.9-7 | 9.8-7 1.5-5 | 1.5-5 | -1.5-5 0.22 2:34 | 2:44 | 3:07
lipa20b 628 | 400 2360 | 3827 | 3978 8.3-7 | 9.3-7 | 9.3-7 -1.5-5 | 1.7-5 | -1.7-5 0.25 1:35 | 2:02 | 2:32
lipa30a 1393 | 900 6090 | 7543 | 10923 9.9-7 | 9.6-7 | 9.7-7 -2.0-5 | -2.0-5 | 2.0-5 0.16 27:26 | 33:08 | 47:51
lipa30b 1393 | 900 7178 | 8755 | 14132 9.8-7 | 9.9-7 | 9.2-7 -2.6-5 | 2.6-5 | 2.5-5 0.37 28:01 | 30:13 | 54:16
lipa40a 2458 | 1600 13263 | 20000 | 20000 9.9-7 | 2.2-5 | 1.3-6 -2.7-5 | -6.1-4 | 3.6-5 0.26 4:34:35 | 6:01:41 | 6:35:39
lipa40b 2458 | 1600 19245 | 20000 | 20000 9.9-7 | 4.7-4 | 2.3-6 -3.5-5 | 1.7-2 | -8.4-5 0.32 5:53:15 | 5:32:30 | 5:57:53
nug12 232 | 144 20000 | 20000 | 20000 1.6-5 | 1.7-5 | 4.1-5 -7.7-5 | -8.0-5 | -2.2-4 1.95 2:12 | 2:02 | 2:11
nug14 313 | 196 20000 | 20000 | 20000 2.6-5 | 2.7-5 | 5.2-5 -1.6-4 | -1.7-4 | -2.5-4 1.95 3:43 | 3:22 | 3:38
nug15 358 | 225 20000 | 20000 | 20000 2.5-5 | 2.5-5 | 4.3-5 -1.3-4 | -1.4-4 | -2.4-4 1.95 4:43 | 4:25 | 4:50
nug16a 406 | 256 20000 | 20000 | 20000 3.0-5 | 3.2-5 | 4.6-5 -2.0-4 | -2.2-4 | -2.6-4 1.95 7:32 | 6:41 | 7:33
nug16b 406 | 256 20000 | 20000 | 20000 2.0-5 | 2.2-5 | 4.0-5 -1.1-4 | -1.3-4 | -2.5-4 1.95 6:46 | 6:02 | 6:50
nug17 457 | 289 20000 | 20000 | 20000 2.6-5 | 2.8-5 | 4.5-5 -1.4-4 | -1.6-4 | -2.5-4 1.95 9:27 | 8:35 | 9:33
nug18 511 | 324 20000 | 20000 | 20000 2.3-5 | 2.4-5 | 4.3-5 -1.2-4 | -1.2-4 | -2.3-4 1.95 11:38 | 10:35 | 11:48
nug20 628 | 400 20000 | 20000 | 20000 1.8-5 | 2.5-5 | 4.0-5 -9.8-5 | -1.3-4 | -2.0-4 1.95 18:26 | 16:45 | 18:24
nug21 691 | 441 20000 | 20000 | 20000 2.2-5 | 2.2-5 | 4.5-5 -1.3-4 | -1.4-4 | -2.3-4 1.95 23:04 | 21:21 | 23:22
nug22 757 | 484 20000 | 20000 | 20000 2.5-5 | 2.6-5 | 4.6-5 -1.7-4 | -1.7-4 | -2.6-4 1.95 27:30 | 25:16 | 27:46
nug24 898 | 576 20000 | 20000 | 20000 2.0-5 | 2.1-5 | 4.4-5 -1.1-4 | -1.2-4 | -2.1-4 1.95 41:02 | 37:58 | 41:15
nug25 973 | 625 20000 | 20000 | 20000 1.6-5 | 1.7-5 | 4.0-5 -9.3-5 | -1.0-4 | -1.8-4 1.95 46:22 | 42:58 | 46:27
nug27 1132 | 729 20000 | 20000 | 20000 2.1-5 | 2.2-5 | 3.5-5 -1.2-4 | -1.4-4 | -1.9-4 1.95 1:09:59 | 1:04:49 | 1:09:59
nug28 1216 | 784 20000 | 20000 | 20000 1.8-5 | 2.0-5 | 3.3-5 -1.0-4 | -1.2-4 | -1.7-4 1.95 1:21:07 | 1:14:53 | 1:21:28
nug30 1393 | 900 20000 | 20000 | 20000 1.7-5 | 1.8-5 | 3.9-5 -9.6-5 | -9.9-5 | -1.7-4 1.95 1:53:30 | 1:46:02 | 1:54:51
rou12 232 | 144 20000 | 20000 | 20000 3.5-5 | 3.7-5 | 5.1-5 -3.0-4 | -3.3-4 | -3.8-4 1.95 2:21 | 2:11 | 2:21
rou15 358 | 225 20000 | 20000 | 20000 2.6-5 | 2.7-5 | 3.7-5 -1.1-4 | -1.2-4 | -2.1-4 1.95 5:24 | 5:02 | 5:23
rou20 628 | 400 20000 | 20000 | 20000 1.7-5 | 1.8-5 | 3.6-5 -6.3-5 | -6.7-5 | -1.6-4 1.95 19:13 | 17:36 | 19:21
scr12 232 | 144 1333 | 1516 | 1880 9.0-7 | 7.9-7 | 9.8-7 5.2-6 | 1.5-6 | -2.3-6 1.86 09 | 10 | 13
scr15 358 | 225 3291 | 3073 | 2990 9.7-7 | 9.8-7 | 9.4-7 1.5-5 | 1.4-5 | 1.5-5 1.58 43 | 41 | 43
scr20 628 | 400 20000 | 20000 | 20000 1.7-5 | 1.8-5 | 3.2-5 -1.2-4 | -1.3-4 | -1.9-4 1.95 18:39 | 17:08 | 18:46
ste36a 1996 | 1296 20000 | 20000 | 20000 1.4-5 | 1.5-5 | 4.0-5 -1.0-4 | -1.1-4 | -1.3-4 1.95 3:23:41 | 3:10:15 | 3:26:53
ste36b 1996 | 1296 20000 | 20000 | 20000 2.0-5 | 2.7-5 | 4.3-5 -1.0-4 | -1.3-4 | -1.2-4 1.95 3:18:59 | 3:03:46 | 3:20:45
ste36c 1996 | 1296 20000 | 20000 | 20000 1.8-5 | 2.1-5 | 4.3-5 -1.1-4 | -1.2-4 | -1.3-4 1.95 3:26:01 | 3:14:00 | 3:27:33
tai12a 232 | 144 2419 | 1948 | 2411 9.3-7 | 9.7-7 | 8.7-7 -1.1-5 | 1.2-5 | -1.0-5 1.09 15 | 11 | 15
tai12b 232 | 144 7363 | 6781 | 8255 7.5-7 | 6.2-7 | 6.5-7 4.7-6 | 1.7-6 | 1.8-6 1.10 42 | 37 | 50
tai15a 358 | 225 20000 | 20000 | 20000 2.0-5 | 2.1-5 | 3.4-5 -7.6-5 | -8.4-5 | -1.8-4 1.95 5:30 | 5:08 | 5:24
tai15b 358 | 225 7815 | 7715 | 8470 9.9-7 | 9.9-7 | 9.9-7 -4.9-6 | -4.9-6 | -4.9-6 1.51 2:00 | 1:51 | 2:11
tai17a 457 | 289 20000 | 20000 | 20000 1.8-5 | 1.9-5 | 3.4-5 -5.9-5 | -6.4-5 | -1.7-4 1.95 10:06 | 9:13 | 10:05
tai20a 628 | 400 20000 | 20000 | 20000 1.6-5 | 1.6-5 | 3.3-5 -5.0-5 | -5.5-5 | -1.5-4 1.95 19:26 | 17:48 | 19:26
tai20b 628 | 400 12864 | 16162 | 16185 9.9-7 | 7.9-7 | 8.0-7 3.0-5 | 1.1-5 | -8.9-6 1.10 10:15 | 11:29 | 13:25
tai25a 973 | 625 2031 | 4503 | 1992 9.9-7 | 9.9-7 | 9.9-7 -1.1-6 | -6.5-7 | -1.2-6 1.82 5:19 | 11:01 | 5:14
tai25b 973 | 625 20000 | 20000 | 20000 3.4-5 | 3.6-5 | 6.5-5 -3.7-4 | -3.9-4 | -4.9-4 1.95 49:39 | 46:32 | 51:18
tai30a 1393 | 900 20000 | 20000 | 20000 1.1-5 | 1.2-5 | 3.0-5 -3.2-5 | -3.6-5 | -1.0-4 1.95 2:04:18 | 1:53:31 | 2:01:21
tai30b 1393 | 900 20000 | 20000 | 20000 2.3-5 | 2.4-5 | 4.7-5 -2.1-4 | -2.1-4 | -2.8-4 1.95 1:53:24 | 1:45:16 | 1:52:49
tai35a 1888 | 1225 20000 | 20000 | 20000 8.9-6 | 9.5-6 | 2.5-5 -2.7-5 | -2.9-5 | -7.6-5 1.95 4:33:08 | 4:29:44 | 4:36:20
tai35b 1888 | 1225 20000 | 20000 | 20000 2.5-5 | 2.6-5 | 4.5-5 -2.1-4 | -2.3-4 | -2.8-4 1.95 4:14:07 | 4:00:53 | 4:16:31
tai40a 2458 | 1600 20000 | 20000 | 20000 8.1-6 | 8.7-6 | 2.5-5 -2.3-5 | -2.6-5 | -7.3-5 1.95 6:17:40 | 5:58:21 | 6:37:50
tai40b 2458 | 1600 20000 | 20000 | 20000 2.3-5 | 2.4-5 | 4.8-5 -1.7-4 | -1.8-4 | -2.3-4 1.95 5:55:42 | 5:56:03 | 6:34:46
tho30 1393 | 900 20000 | 20000 | 20000 2.3-5 | 2.6-5 | 4.2-5 -1.4-4 | -1.5-4 | -2.3-4 1.95 1:26:26 | 1:21:04 | 1:28:26
tho40 2458 | 1600 20000 | 20000 | 20000 1.8-5 | 2.0-5 | 3.8-5 -1.0-4 | -1.1-4 | -1.8-4 1.95 6:06:20 | 5:37:56 | 6:18:31
be100.1 101 | 101 1670 | 1956 | 3058 9.7-7 | 9.7-7 | 9.8-7 2.2-7 | 1.8-6 | -7.8-7 1.94 06 | 07 | 11
be100.2 101 | 101 1800 | 1827 | 2454 9.9-7 | 9.9-7 | 9.9-7 3.0-7 | -3.2-7 | -1.1-6 1.92 07 | 06 | 09
be100.3 101 | 101 2518 | 2448 | 3178 9.9-7 | 9.9-7 | 9.5-7 8.1-8 | 2.1-7 | 2.8-7 1.92 09 | 09 | 12
be100.4 101 | 101 1999 | 2036 | 2876 9.9-7 | 9.9-7 | 9.9-7 -5.2-7 | -3.6-7 | -4.2-7 1.94 08 | 07 | 11
be100.5 101 | 101 1653 | 1786 | 2399 9.9-7 | 9.9-7 | 9.9-7 -1.4-7 | -2.3-7 | -1.1-7 1.94 06 | 06 | 08
be100.6 101 | 101 1919 | 2047 | 2495 9.9-7 | 9.9-7 | 9.9-7 -2.4-7 | -4.3-7 | 2.5-7 1.92 07 | 07 | 09
be100.7 101 | 101 1772 | 1835 | 2655 9.9-7 | 9.9-7 | 9.9-7 -1.4-9 | -8.8-7 | 2.7-7 1.92 07 | 06 | 09
be100.8 101 | 101 1440 | 1622 | 2206 9.6-7 | 9.8-7 | 9.9-7 -3.1-7 | -9.0-7 | -3.8-7 1.92 06 | 05 | 08
be100.9 101 | 101 1484 | 1749 | 1943 9.9-7 | 9.9-7 | 9.9-7 1.5-7 | 1.2-7 | 2.2-7 1.95 06 | 06 | 07
be100.10 101 | 101 1134 | 1332 | 1558 9.9-7 | 9.8-7 | 9.6-7 -1.4-6 | -3.9-7 | 2.1-6 1.94 05 | 05 | 06
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Table 2: (continued) Performance of CADMM, ADMM3d and ADMM3g on θ+, FAP, QAP,
BIQ and RCP problems with accuray=10−6 . In this table, τ column reports the final value
of τk of CADMM, and the computing time is in the format of “hours:minutes:seconds’. In
the name of the last 120 problems, “-s, -m, -l” means “-small, -medium, -large”, respectively.
iteration η gap τ time
problem m | n cadm|adm3d|adm3g cadm|adm3d|adm3g cadm|adm3d|adm3g cadm cadm|adm3d|adm3g
be120.3.1 121 | 121 2003 | 2448 | 3101 9.9-7 | 9.7-7 | 8.6-7 -4.9-7 | -9.3-8 | -1.1-7 1.94 10 | 11 | 14
be120.3.2 121 | 121 2267 | 2503 | 3298 9.9-7 | 9.9-7 | 9.9-7 -1.3-7 | -1.7-7 | 1.5-8 1.93 11 | 12 | 15
be120.3.3 121 | 121 1781 | 1965 | 2407 9.9-7 | 9.8-7 | 9.9-7 3.2-8 | 4.9-7 | -9.3-7 1.92 09 | 09 | 11
be120.3.4 121 | 121 1948 | 2164 | 4384 9.7-7 | 9.9-7 | 9.9-7 1.5-6 | -3.3-7 | 4.0-6 1.91 09 | 10 | 19
be120.3.5 121 | 121 2532 | 2809 | 4501 9.9-7 | 9.9-7 | 9.7-7 8.6-8 | 8.2-8 | -3.9-8 1.93 12 | 13 | 20
be120.3.6 121 | 121 2475 | 2695 | 3975 9.9-7 | 9.9-7 | 9.9-7 -1.4-7 | -5.3-8 | 2.6-8 1.93 12 | 13 | 18
be120.3.7 121 | 121 3843 | 3991 | 8281 9.9-7 | 9.9-7 | 9.9-7 -1.6-7 | -9.4-8 | -2.9-8 1.92 19 | 19 | 37
be120.3.8 121 | 121 2998 | 3375 | 4695 9.9-7 | 9.9-7 | 8.0-7 5.0-7 | 5.0-7 | 2.8-7 1.93 14 | 15 | 20
be120.3.9 121 | 121 3313 | 3496 | 10501 9.9-7 | 9.9-7 | 9.8-7 -2.4-7 | -2.8-7 | -2.1-8 1.94 16 | 17 | 48
be120.3.10 121 | 121 1637 | 1823 | 2208 9.9-7 | 9.9-7 | 9.9-7 -8.5-7 | 2.4-7 | -1.6-7 1.93 08 | 08 | 10
be120.8.1 121 | 121 1775 | 1818 | 2338 9.9-7 | 9.9-7 | 9.9-7 2.5-7 | -1.2-6 | 5.4-7 1.92 08 | 08 | 10
be120.8.2 121 | 121 3008 | 3372 | 4701 9.9-7 | 9.9-7 | 9.9-7 -2.5-7 | -9.8-8 | -9.5-8 1.92 15 | 16 | 21
be120.8.3 121 | 121 1805 | 2134 | 2933 9.9-7 | 9.9-7 | 9.0-7 -3.7-9 | 4.0-8 | 1.2-7 1.93 09 | 10 | 13
be120.8.4 121 | 121 1963 | 2210 | 2763 9.9-7 | 9.9-7 | 9.9-7 -3.6-7 | -8.1-8 | -9.5-8 1.93 10 | 10 | 12
be120.8.5 121 | 121 2080 | 2338 | 5240 9.9-7 | 9.9-7 | 9.9-7 4.0-7 | -5.7-8 | 1.2-6 1.92 11 | 11 | 24
be120.8.6 121 | 121 2023 | 2080 | 2797 9.9-7 | 9.9-7 | 9.8-7 -2.8-8 | -7.5-8 | -8.7-8 1.93 10 | 09 | 12
be120.8.7 121 | 121 1694 | 1775 | 4058 9.8-7 | 9.7-7 | 9.8-7 -1.4-7 | -3.0-8 | 1.2-6 1.92 08 | 08 | 17
be120.8.8 121 | 121 1366 | 1595 | 1979 9.7-7 | 9.7-7 | 9.6-7 -2.9-6 | -2.6-7 | -5.6-7 1.93 07 | 07 | 09
be120.8.9 121 | 121 1602 | 1562 | 2143 9.9-7 | 9.7-7 | 9.9-7 -8.6-7 | 1.8-6 | 2.4-7 1.92 08 | 07 | 10
be120.8.10 121 | 121 2160 | 2759 | 3755 9.9-7 | 9.9-7 | 9.9-7 2.3-7 | 5.3-8 | 1.6-7 1.93 11 | 13 | 17
be150.3.1 151 | 151 2217 | 2318 | 3697 9.9-7 | 9.9-7 | 9.6-7 6.9-7 | -1.3-6 | 1.6-6 1.93 15 | 15 | 22
be150.3.2 151 | 151 2035 | 2692 | 3656 9.9-7 | 9.9-7 | 9.9-7 5.5-7 | -1.2-7 | -1.2-7 1.92 14 | 17 | 22
be150.3.3 151 | 151 2114 | 2382 | 3803 9.9-7 | 9.9-7 | 9.8-7 -4.8-8 | -1.8-6 | 5.4-6 1.92 14 | 15 | 23
be150.3.4 151 | 151 2273 | 2687 | 3964 9.9-7 | 9.9-7 | 9.8-7 9.2-9 | -1.9-6 | 3.4-8 1.92 15 | 17 | 24
be150.3.5 151 | 151 2147 | 2285 | 2886 9.9-7 | 9.9-7 | 9.9-7 -4.2-7 | -2.7-7 | -2.3-6 1.92 14 | 15 | 18
be150.3.6 151 | 151 2296 | 2396 | 3477 9.9-7 | 9.9-7 | 9.2-7 -1.4-7 | -1.9-7 | -8.9-8 1.93 15 | 15 | 21
be150.3.7 151 | 151 2210 | 2386 | 3160 9.9-7 | 9.9-7 | 9.9-7 -1.9-7 | -4.5-8 | -3.6-7 1.92 14 | 15 | 19
be150.3.8 151 | 151 2879 | 3033 | 4901 9.9-7 | 9.9-7 | 9.9-7 -2.9-7 | -3.5-7 | -5.7-8 1.93 19 | 19 | 29
be150.3.9 151 | 151 1362 | 1489 | 1834 9.4-7 | 9.6-7 | 9.6-7 1.4-6 | 1.3-6 | 1.0-7 1.92 09 | 10 | 11
be150.3.10 151 | 151 3120 | 3429 | 5720 9.9-7 | 9.9-7 | 9.9-7 -3.5-7 | -2.8-7 | -1.3-7 1.93 20 | 21 | 35
be150.8.1 151 | 151 1861 | 1882 | 2646 9.9-7 | 9.9-7 | 9.9-7 -1.1-6 | -2.1-6 | -3.5-7 1.91 12 | 12 | 16
be150.8.2 151 | 151 1992 | 2082 | 2806 9.9-7 | 9.9-7 | 9.9-7 2.0-7 | -3.0-7 | 9.0-7 1.91 13 | 13 | 17
be150.8.3 151 | 151 2072 | 2491 | 3713 9.9-7 | 9.6-7 | 9.4-7 3.5-6 | 1.8-6 | 2.4-6 1.92 14 | 16 | 23
be150.8.4 151 | 151 2201 | 2416 | 3201 9.9-7 | 9.9-7 | 9.1-7 -1.8-7 | 7.9-8 | -1.7-7 1.93 15 | 15 | 20
be150.8.5 151 | 151 2285 | 2528 | 3736 9.9-7 | 9.9-7 | 9.9-7 -2.5-7 | -4.3-7 | -4.2-7 1.92 15 | 16 | 23
be150.8.6 151 | 151 2153 | 2303 | 3349 9.9-7 | 9.9-7 | 8.8-7 -2.5-7 | -5.4-7 | -2.3-7 1.92 14 | 14 | 19
be150.8.7 151 | 151 3119 | 2957 | 4409 9.9-7 | 9.9-7 | 9.9-7 4.8-7 | -3.4-7 | 3.4-7 1.93 20 | 18 | 26
be150.8.8 151 | 151 3275 | 3485 | 5420 9.9-7 | 9.9-7 | 9.9-7 -6.2-7 | -5.0-7 | -2.0-7 1.91 22 | 22 | 33
be150.8.9 151 | 151 2814 | 2812 | 3810 9.9-7 | 9.9-7 | 9.1-7 -4.1-7 | -2.3-7 | -4.0-7 1.93 19 | 19 | 24
be150.8.10 151 | 151 2315 | 2525 | 3422 9.9-7 | 9.9-7 | 9.9-7 3.0-7 | -2.4-7 | -9.5-7 1.92 15 | 15 | 21
be200.3.1 201 | 201 2250 | 2353 | 3223 9.9-7 | 9.8-7 | 9.9-7 -1.9-6 | -6.2-7 | 3.2-6 1.92 25 | 22 | 32
be200.3.2 201 | 201 2571 | 2659 | 3587 9.9-7 | 9.9-7 | 9.8-7 -1.4-6 | 2.2-7 | -1.5-6 1.92 30 | 25 | 37
be200.3.3 201 | 201 3836 | 4080 | 6444 9.9-7 | 9.9-7 | 9.9-7 -3.0-7 | -5.5-7 | -5.2-8 1.91 43 | 39 | 1:07
be200.3.4 201 | 201 2911 | 3199 | 4666 9.9-7 | 9.9-7 | 9.9-7 -2.9-7 | -3.5-7 | -9.9-7 1.91 32 | 30 | 48
be200.3.5 201 | 201 3346 | 3379 | 4659 9.9-7 | 9.9-7 | 9.9-7 -1.7-7 | 4.1-8 | 2.7-7 1.92 38 | 32 | 48
be200.3.6 201 | 201 2557 | 2483 | 3467 9.9-7 | 9.9-7 | 9.8-7 6.4-7 | -3.0-6 | 1.0-6 1.92 27 | 23 | 34
be200.3.7 201 | 201 3240 | 3601 | 5769 9.9-7 | 9.9-7 | 9.9-7 -7.8-7 | 3.0-8 | 3.0-7 1.91 34 | 33 | 57
be200.3.8 201 | 201 2586 | 2817 | 4271 9.8-7 | 9.9-7 | 9.9-7 -1.4-6 | -5.5-7 | 1.1-6 1.92 29 | 26 | 43
be200.3.9 201 | 201 3618 | 3754 | 6201 9.9-7 | 9.9-7 | 9.5-7 -3.3-7 | -2.4-7 | -6.8-7 1.92 40 | 35 | 1:03
be200.3.10 201 | 201 2682 | 2864 | 3900 9.9-7 | 9.9-7 | 9.9-7 -3.3-7 | -1.2-7 | -1.5-7 1.92 29 | 26 | 39
be200.8.1 201 | 201 3220 | 3413 | 5810 9.9-7 | 9.9-7 | 9.9-7 6.4-7 | -6.7-8 | 2.5-8 1.92 34 | 32 | 59
be200.8.2 201 | 201 2428 | 2527 | 3288 9.9-7 | 9.9-7 | 9.5-7 -3.0-7 | -1.1-6 | -4.6-7 1.91 24 | 22 | 31
be200.8.3 201 | 201 2985 | 3029 | 4376 9.9-7 | 9.9-7 | 9.9-7 -4.0-7 | -4.3-7 | 5.1-7 1.93 32 | 29 | 45
be200.8.4 201 | 201 2630 | 2928 | 4579 9.9-7 | 9.9-7 | 9.9-7 -5.4-7 | 1.0-6 | -3.7-6 1.92 28 | 27 | 46
be200.8.5 201 | 201 2395 | 2724 | 3629 9.9-7 | 9.9-7 | 9.9-7 5.6-7 | -6.8-7 | 9.6-7 1.92 26 | 26 | 37
be200.8.6 201 | 201 3081 | 3290 | 5874 9.9-7 | 9.9-7 | 9.4-7 -7.0-7 | -6.0-7 | 1.1-6 1.91 34 | 31 | 59
be200.8.7 201 | 201 2665 | 2908 | 5492 9.9-7 | 9.9-7 | 9.9-7 1.4-6 | 3.3-6 | 1.7-6 1.91 27 | 26 | 54
be200.8.8 201 | 201 2554 | 2825 | 3984 9.9-7 | 9.9-7 | 9.9-7 -7.7-7 | -6.2-7 | 1.3-6 1.92 26 | 26 | 39
be200.8.9 201 | 201 2460 | 2741 | 4110 9.9-7 | 9.9-7 | 9.9-7 -3.4-6 | -6.4-7 | -5.3-8 1.92 28 | 26 | 41
be200.8.10 201 | 201 2386 | 2601 | 3547 9.9-7 | 9.9-7 | 9.9-7 7.8-7 | -3.7-7 | -1.0-6 1.92 25 | 24 | 36
be250.1 251 | 251 3952 | 4362 | 7414 9.9-7 | 9.9-7 | 9.9-7 -7.1-7 | -4.3-8 | -9.1-7 1.91 1:04 | 59 | 1:47
be250.2 251 | 251 3619 | 3816 | 5779 9.9-7 | 9.9-7 | 9.9-7 -1.5-6 | -8.2-7 | -6.0-7 1.91 58 | 51 | 1:23
be250.3 251 | 251 3448 | 3951 | 6498 9.9-7 | 9.9-7 | 9.9-7 -2.2-7 | -1.2-6 | 2.3-8 1.91 54 | 53 | 1:34
be250.4 251 | 251 6030 | 7622 | 12801 9.9-7 | 9.9-7 | 9.8-7 -1.2-6 | -1.1-6 | -1.0-7 1.91 1:37 | 1:42 | 3:05
be250.5 251 | 251 3772 | 4218 | 5082 9.9-7 | 9.9-7 | 9.7-7 -7.3-7 | -7.4-7 | -7.9-7 1.92 1:01 | 57 | 1:15
be250.6 251 | 251 4011 | 4234 | 5454 9.9-7 | 9.9-7 | 9.9-7 -7.0-7 | -4.1-7 | -1.0-6 1.91 1:00 | 55 | 1:17
be250.7 251 | 251 3996 | 4317 | 7744 9.9-7 | 9.9-7 | 9.5-7 -6.7-7 | -1.3-6 | 6.1-7 1.91 1:02 | 58 | 1:50
be250.8 251 | 251 3691 | 3979 | 5757 9.9-7 | 9.9-7 | 9.9-7 -2.6-7 | -1.1-6 | -1.4-6 1.91 56 | 52 | 1:20
be250.9 251 | 251 4589 | 4934 | 6543 9.9-7 | 9.9-7 | 9.9-7 -1.2-6 | -1.2-6 | 2.0-7 1.92 1:15 | 1:08 | 1:37
be250.10 251 | 251 5039 | 5513 | 8436 9.9-7 | 9.9-7 | 9.9-7 -7.3-7 | -7.3-7 | -8.5-8 1.91 1:18 | 1:12 | 1:59
bqp50-1 51 | 51 2965 | 3485 | 8391 9.9-7 | 9.9-7 | 8.7-7 -1.7-6 | -7.4-7 | -1.9-7 1.95 06 | 07 | 17
bqp50-2 51 | 51 3759 | 4403 | 4531 9.9-7 | 9.9-7 | 9.5-7 -6.6-8 | -1.3-7 | -4.8-7 1.91 07 | 08 | 08
bqp50-3 51 | 51 2960 | 3032 | 4218 9.8-7 | 9.9-7 | 8.0-7 9.9-7 | -4.1-6 | -1.5-6 1.92 06 | 05 | 07
bqp50-4 51 | 51 7472 | 8810 | 12613 9.9-7 | 9.9-7 | 9.9-7 -5.2-7 | -5.0-7 | -5.1-7 1.90 15 | 17 | 25
bqp50-5 51 | 51 2200 | 2382 | 5411 9.9-7 | 9.9-7 | 9.9-7 -2.2-7 | -1.6-7 | -6.2-8 1.94 04 | 04 | 11
bqp50-6 51 | 51 2537 | 2583 | 4403 9.9-7 | 9.9-7 | 9.9-7 -5.1-9 | -2.3-7 | -8.2-8 1.92 05 | 05 | 09
bqp50-7 51 | 51 1324 | 1496 | 1883 9.7-7 | 9.8-7 | 9.4-7 7.3-8 | 3.1-7 | 1.1-6 1.93 03 | 03 | 04
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Table 2: (continued) Performance of CADMM, ADMM3d and ADMM3g on θ+, FAP, QAP,
BIQ and RCP problems with accuray=10−6 . In this table, τ column reports the final value
of τk of CADMM, and the computing time is in the format of “hours:minutes:seconds’. In
the name of the last 120 problems, “-s, -m, -l” means “-small, -medium, -large”, respectively.
iteration η gap τ time
problem m | n cadm|adm3d|adm3g cadm|adm3d|adm3g cadm|adm3d|adm3g cadm cadm|adm3d|adm3g
bqp50-8 51 | 51 1587 | 1623 | 1936 9.9-7 | 9.9-7 | 9.9-7 -1.7-8 | 2.5-7 | -2.6-7 1.94 03 | 03 | 04
bqp50-9 51 | 51 1394 | 1426 | 1868 9.3-7 | 9.7-7 | 9.9-7 1.5-6 | -1.3-6 | -3.2-6 1.94 03 | 03 | 04
bqp50-10 51 | 51 1306 | 1371 | 1733 9.7-7 | 9.8-7 | 9.9-7 2.6-7 | -1.1-6 | 3.7-7 1.93 03 | 03 | 03
bqp100-1 101 | 101 1511 | 1560 | 2073 9.9-7 | 9.9-7 | 9.9-7 -3.8-7 | 9.4-7 | 3.7-7 1.93 06 | 05 | 07
bqp100-2 101 | 101 2869 | 3269 | 4201 9.9-7 | 9.9-7 | 9.7-7 3.6-7 | 2.1-7 | 2.5-7 1.91 10 | 11 | 14
bqp100-3 101 | 101 4664 | 4839 | 16850 9.9-7 | 9.9-7 | 9.9-7 -5.6-7 | -5.4-7 | -2.2-8 1.93 16 | 16 | 56
bqp100-4 101 | 101 3100 | 2644 | 3704 9.9-7 | 9.9-7 | 9.9-7 1.8-8 | -1.5-7 | -1.6-7 1.93 12 | 09 | 13
bqp100-5 101 | 101 3486 | 3676 | 7801 9.9-7 | 9.9-7 | 9.8-7 -5.4-7 | -6.7-7 | -1.1-7 1.93 13 | 13 | 27
bqp100-6 101 | 101 1738 | 1860 | 2366 9.9-7 | 9.9-7 | 9.9-7 3.1-8 | -5.4-7 | -1.4-7 1.93 06 | 06 | 08
bqp100-7 101 | 101 1890 | 2028 | 2520 9.9-7 | 9.8-7 | 9.8-7 -5.8-7 | -3.5-7 | -4.1-7 1.92 07 | 07 | 09
bqp100-8 101 | 101 3230 | 3512 | 7001 9.9-7 | 9.9-7 | 9.8-7 -2.8-7 | -3.2-7 | -1.6-8 1.93 12 | 12 | 25
bqp100-9 101 | 101 3081 | 3125 | 5901 9.9-7 | 9.9-7 | 9.3-7 1.9-8 | 1.2-7 | 1.7-7 1.91 11 | 10 | 20
bqp100-10 101 | 101 3268 | 3454 | 8796 9.9-7 | 9.9-7 | 9.9-7 -1.0-6 | -9.2-7 | -2.1-7 1.92 12 | 11 | 29
bqp250-1 251 | 251 4170 | 4409 | 7691 9.9-7 | 9.9-7 | 9.9-7 -1.1-6 | -7.1-7 | 1.0-7 1.91 1:06 | 59 | 1:51
bqp250-2 251 | 251 4437 | 4471 | 6712 9.9-7 | 9.9-7 | 9.9-7 -1.0-6 | 3.3-8 | 9.4-8 1.91 1:08 | 59 | 1:35
bqp250-3 251 | 251 3995 | 4708 | 8906 9.9-7 | 9.8-7 | 9.9-7 -4.2-8 | -6.5-7 | 3.4-8 1.91 1:00 | 1:00 | 2:02
bqp250-4 251 | 251 3605 | 3919 | 4991 9.9-7 | 9.9-7 | 9.9-7 -6.2-7 | -1.3-6 | -2.9-8 1.91 57 | 53 | 1:13
bqp250-5 251 | 251 5322 | 5555 | 12893 9.9-7 | 9.9-7 | 9.9-7 -8.3-8 | 1.0-8 | 3.6-8 1.91 1:22 | 1:14 | 3:04
bqp250-6 251 | 251 4135 | 4234 | 6101 9.9-7 | 9.9-7 | 9.8-7 -1.2-6 | -9.3-7 | -8.9-8 1.92 1:04 | 57 | 1:29
bqp250-7 251 | 251 4272 | 4655 | 7420 9.9-7 | 9.9-7 | 8.5-7 -2.2-6 | -1.2-6 | -5.5-7 1.91 1:04 | 1:00 | 1:43
bqp250-8 251 | 251 2887 | 3181 | 4090 9.9-7 | 9.9-7 | 9.9-7 -6.3-7 | -1.0-6 | 1.3-6 1.91 45 | 42 | 58
bqp250-9 251 | 251 4336 | 4839 | 8709 9.9-7 | 9.9-7 | 9.9-7 -3.4-6 | -2.7-7 | 3.5-6 1.91 1:05 | 1:02 | 2:00
bqp250-10 251 | 251 3053 | 3448 | 4592 9.9-7 | 9.9-7 | 9.8-7 -1.5-6 | -1.2-6 | -2.4-6 1.91 46 | 45 | 1:03
bqp500-1 501 | 501 5911 | 6702 | 10101 9.9-7 | 9.9-7 | 9.1-7 -1.5-6 | -9.1-7 | 2.9-6 1.90 7:13 | 7:04 | 11:35
bqp500-2 501 | 501 6897 | 8377 | 20000 9.9-7 | 9.9-7 | 1.8-5 -1.4-6 | 1.9-8 | -1.6-4 1.91 8:43 | 8:55 | 23:03
bqp500-3 501 | 501 6566 | 9548 | 16429 9.9-7 | 9.9-7 | 9.5-7 -1.9-6 | -2.7-6 | -3.1-6 1.90 7:55 | 9:54 | 18:25
bqp500-4 501 | 501 6264 | 7322 | 11100 9.9-7 | 9.9-7 | 9.8-7 -1.0-6 | 6.9-7 | -4.8-6 1.90 7:28 | 7:32 | 12:21
bqp500-5 501 | 501 6435 | 8408 | 13841 9.9-7 | 9.9-7 | 9.9-7 5.3-6 | 3.8-6 | 2.5-6 1.90 7:56 | 8:55 | 15:56
bqp500-6 501 | 501 6234 | 6822 | 10195 9.9-7 | 9.9-7 | 8.9-7 -4.6-6 | 5.6-6 | 6.7-8 1.90 7:44 | 7:19 | 11:49
bqp500-7 501 | 501 6472 | 7107 | 10821 9.9-7 | 9.9-7 | 9.6-7 -1.0-6 | -1.7-6 | -1.0-6 1.90 8:05 | 7:31 | 12:21
bqp500-8 501 | 501 6169 | 7376 | 10591 9.9-7 | 9.9-7 | 9.9-7 -3.2-7 | -1.3-6 | -4.5-6 1.90 7:57 | 7:40 | 11:49
bqp500-9 501 | 501 6246 | 6617 | 11108 9.9-7 | 9.9-7 | 9.9-7 -1.0-6 | -1.1-6 | -3.1-6 1.90 7:40 | 6:59 | 12:37
bqp500-10 501 | 501 6849 | 8493 | 15222 9.9-7 | 9.9-7 | 9.0-7 2.8-6 | 4.8-6 | 3.6-7 1.90 8:21 | 8:56 | 17:16
gka1a 51 | 51 3402 | 3649 | 3393 9.9-7 | 9.9-7 | 9.6-7 2.7-8 | -1.1-7 | 1.6-6 1.90 06 | 06 | 06
gka2a 61 | 61 2382 | 2514 | 3757 9.8-7 | 9.9-7 | 9.9-7 1.1-6 | -2.0-6 | -1.5-7 1.91 04 | 04 | 07
gka3a 71 | 71 1076 | 1156 | 1562 9.2-7 | 9.8-7 | 9.6-7 -6.4-7 | -6.3-7 | 5.0-7 1.94 03 | 03 | 04
gka4a 81 | 81 2362 | 2432 | 3697 9.9-7 | 9.6-7 | 9.1-7 -2.6-6 | 2.5-6 | -2.5-6 1.92 06 | 06 | 09
gka5a 51 | 51 1161 | 1308 | 1640 9.9-7 | 9.7-7 | 9.8-7 1.3-6 | -6.8-7 | 6.5-7 1.94 02 | 02 | 03
gka6a 31 | 31 641 | 1128 | 1542 9.4-7 | 9.9-7 | 9.3-7 -5.5-7 | 2.8-7 | 1.0-7 1.95 01 | 01 | 02
gka7a 31 | 31 1915 | 2118 | 3939 9.9-7 | 9.9-7 | 9.9-7 -4.6-7 | -4.5-7 | -9.7-8 1.95 03 | 03 | 06
gka8a 101 | 101 4704 | 5144 | 10582 9.9-7 | 9.8-7 | 9.9-7 1.7-6 | 1.5-6 | 3.8-6 1.91 16 | 15 | 32
gka1b 21 | 21 462 | 513 | 556 9.7-7 | 9.7-7 | 9.5-7 -1.2-5 | -1.7-5 | 1.7-5 1.90 01 | 01 | 01
gka2b 31 | 31 1528 | 1645 | 1961 9.9-7 | 9.9-7 | 8.5-7 -1.4-6 | -2.7-6 | -4.4-6 1.91 02 | 02 | 03
gka3b 41 | 41 601 | 598 | 657 9.0-7 | 8.6-7 | 7.9-7 -3.0-5 | -3.0-5 | -2.9-5 1.90 01 | 01 | 01
gka4b 51 | 51 571 | 590 | 606 9.3-7 | 9.3-7 | 8.3-7 -4.1-5 | -4.0-5 | 3.7-5 1.90 01 | 01 | 01
gka5b 61 | 61 567 | 642 | 764 8.9-7 | 9.8-7 | 9.9-7 -4.0-5 | 4.3-5 | 4.5-5 1.90 01 | 01 | 01
gka6b 71 | 71 544 | 565 | 623 8.2-7 | 8.8-7 | 8.9-7 -4.3-5 | -4.7-5 | -4.8-5 1.90 01 | 01 | 01
gka7b 81 | 81 803 | 814 | 1038 9.9-7 | 9.9-7 | 9.9-7 -5.5-6 | -6.9-6 | -7.6-6 1.91 02 | 02 | 03
gka8b 91 | 91 709 | 674 | 883 8.2-7 | 8.9-7 | 8.5-7 5.3-5 | -5.4-5 | -5.4-5 1.90 02 | 02 | 02
gka9b 101 | 101 1260 | 1234 | 1434 7.5-7 | 6.8-7 | 9.2-7 2.0-5 | -2.7-5 | -1.7-5 1.90 04 | 03 | 04
gka10b 126 | 126 1681 | 1741 | 1949 9.9-7 | 9.9-7 | 9.9-7 -2.1-5 | -2.0-5 | -1.7-5 1.91 09 | 09 | 10
gka1c 41 | 41 2902 | 3380 | 9401 9.9-7 | 9.9-7 | 9.6-7 -4.2-7 | -3.4-7 | -6.7-9 1.92 04 | 04 | 14
gka2c 51 | 51 1473 | 1602 | 2147 9.6-7 | 9.9-7 | 9.4-7 -2.6-8 | -3.5-6 | 9.8-7 1.93 03 | 03 | 04
gka3c 61 | 61 1421 | 1506 | 2378 9.7-7 | 9.8-7 | 9.9-7 -7.2-7 | -2.3-8 | 2.3-7 1.92 03 | 03 | 05
gka4c 71 | 71 2278 | 2123 | 3007 9.9-7 | 9.9-7 | 9.9-7 -3.2-8 | 1.6-7 | 9.9-8 1.93 05 | 05 | 07
gka5c 81 | 81 3807 | 4086 | 13201 9.9-7 | 9.9-7 | 9.9-7 -2.1-7 | -1.7-7 | -1.8-8 1.93 10 | 11 | 36
gka6c 91 | 91 3638 | 3941 | 8293 9.9-7 | 9.9-7 | 7.2-7 3.4-7 | 3.4-7 | 9.8-9 1.92 12 | 12 | 25
gka7c 101 | 101 3534 | 3889 | 7444 9.9-7 | 9.9-7 | 9.9-7 1.3-7 | -1.8-7 | 3.6-8 1.92 13 | 13 | 25
gka1d 101 | 101 3127 | 3209 | 4413 9.9-7 | 9.9-7 | 9.9-7 -2.7-7 | -2.9-7 | -7.6-8 1.92 12 | 11 | 15
gka2d 101 | 101 2160 | 2241 | 3249 9.9-7 | 9.9-7 | 9.8-7 9.7-8 | 1.6-7 | 1.4-7 1.94 09 | 09 | 13
gka3d 101 | 101 3145 | 3228 | 6801 9.9-7 | 9.9-7 | 9.8-7 1.5-7 | 9.8-8 | 8.9-9 1.93 13 | 12 | 24
gka4d 101 | 101 1995 | 2294 | 2978 9.9-7 | 9.9-7 | 9.9-7 1.3-7 | 7.6-8 | -2.4-8 1.95 08 | 08 | 11
gka5d 101 | 101 1542 | 1614 | 1971 9.9-7 | 9.9-7 | 9.9-7 3.5-7 | -1.1-6 | -3.5-7 1.93 06 | 06 | 07
gka6d 101 | 101 1686 | 1738 | 2296 9.8-7 | 9.4-7 | 9.9-7 -7.2-8 | 1.3-6 | 1.2-7 1.92 07 | 06 | 08
gka7d 101 | 101 1540 | 1587 | 2047 9.6-7 | 9.8-7 | 9.7-7 -1.2-7 | -1.9-6 | 5.1-8 1.93 06 | 06 | 07
gka8d 101 | 101 3085 | 3563 | 6301 9.9-7 | 9.9-7 | 9.9-7 -3.6-8 | -3.4-9 | 1.3-9 1.93 13 | 13 | 23
gka9d 101 | 101 1355 | 1512 | 2084 9.7-7 | 9.9-7 | 9.9-7 4.6-7 | -3.0-7 | 4.0-7 1.93 05 | 05 | 07
gka10d 101 | 101 1600 | 1677 | 2339 9.8-7 | 9.9-7 | 9.9-7 -2.8-7 | -1.6-6 | -3.4-6 1.92 06 | 06 | 08
gka1e 201 | 201 4048 | 4229 | 5401 9.9-7 | 9.9-7 | 8.6-7 -4.4-7 | -4.8-7 | 7.3-9 1.91 48 | 41 | 54
gka2e 201 | 201 3362 | 3501 | 4285 9.9-7 | 9.9-7 | 9.9-7 -7.0-7 | -6.9-7 | -5.4-7 1.92 40 | 33 | 42
gka3e 201 | 201 3128 | 3155 | 4572 9.9-7 | 9.9-7 | 9.9-7 -2.3-8 | -2.9-7 | 8.2-9 1.92 38 | 31 | 47
gka4e 201 | 201 3389 | 3805 | 6201 9.9-7 | 9.9-7 | 9.7-7 -4.7-7 | -7.7-8 | -2.3-7 1.92 41 | 36 | 1:02
gka5e 201 | 201 3397 | 3646 | 4526 9.9-7 | 9.9-7 | 9.9-7 3.3-7 | 4.0-7 | -9.4-8 1.93 41 | 35 | 45
gka1f 501 | 501 5992 | 6881 | 11771 9.9-7 | 9.9-7 | 9.9-7 -1.1-6 | -6.8-7 | 4.2-6 1.91 7:28 | 7:26 | 13:43
gka2f 501 | 501 6715 | 7364 | 11343 9.9-7 | 9.9-7 | 9.9-7 -1.5-6 | -2.1-6 | 1.6-6 1.91 8:25 | 7:59 | 13:14
gka3f 501 | 501 5715 | 6462 | 9885 9.9-7 | 9.9-7 | 9.5-7 -1.1-6 | -8.8-7 | -8.1-7 1.91 7:19 | 7:06 | 11:42
gka4f 501 | 501 6027 | 6695 | 14281 9.9-7 | 9.9-7 | 9.9-7 -2.4-6 | -9.0-7| -2.8-6 1.91 7:37 | 7:17 | 16:44
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Table 2: (continued) Performance of CADMM, ADMM3d and ADMM3g on θ+, FAP, QAP,
BIQ and RCP problems with accuray=10−6 . In this table, τ column reports the final value
of τk of CADMM, and the computing time is in the format of “hours:minutes:seconds’. In
the name of the last 120 problems, “-s, -m, -l” means “-small, -medium, -large”, respectively.
iteration η gap τ time
problem m | n cadm|adm3d|adm3g cadm|adm3d|adm3g cadm|adm3d|adm3g cadm cadm|adm3d|adm3g
gka5f 501 | 501 6104 | 6649 | 10537 9.9-7 | 9.9-7 | 9.9-7 -8.4-7 | -8.8-7 | 2.8-6 1.90 7:22 | 6:59 | 11:58
soybean-s.2 48 | 47 441 | 484 | 605 9.8-7 | 9.2-7 | 8.3-7 -7.9-8 | -5.0-8 | -1.7-7 1.95 01 | 01 | 01
soybean-s.3 48 | 47 119 | 118 | 115 7.0-7 | 4.9-7 | 6.1-7 -2.1-7 | -2.4-7 | 1.9-7 1.69 00 | 00 | 00
soybean-s.4 48 | 47 456 | 510 | 610 9.9-7 | 9.1-7 | 9.3-7 -5.4-8 | -1.0-7 | -9.1-8 1.87 01 | 01 | 01
soybean-s.5 48 | 47 208 | 236 | 284 9.9-7 | 9.9-7 | 9.9-7 -2.3-8 | -2.0-8 | -1.9-8 1.89 00 | 00 | 01
soybean-s.6 48 | 47 316 | 318 | 387 9.8-7 | 9.8-7 | 9.6-7 -2.0-8 | -3.8-8 | 4.9-8 1.90 01 | 01 | 01
soybean-s.7 48 | 47 411 | 431 | 509 9.9-7 | 9.9-7 | 9.9-7 -2.8-8 | -2.4-8 | -4.9-8 1.84 01 | 01 | 01
soybean-s.8 48 | 47 1202 | 1306 | 1624 9.7-7 | 9.9-7 | 9.9-7 -2.6-8 | -6.3-8 | -5.7-8 1.91 02 | 02 | 03
soybean-s.9 48 | 47 754 | 691 | 908 9.9-7 | 9.9-7 | 9.9-7 -4.6-8 | -1.3-7 | -1.0-7 1.89 01 | 01 | 02
soybean-s.10 48 | 47 309 | 320 | 407 9.9-7 | 9.8-7 | 9.9-7 -2.3-7 | -2.2-7 | -2.4-7 1.89 01 | 01 | 01
soybean-s.11 48 | 47 699 | 609 | 574 9.9-7 | 9.9-7 | 9.9-7 -2.0-8 | -2.0-8 | -1.3-7 1.92 01 | 01 | 01
soybean-l.2 308 | 307 1105 | 1513 | 1709 9.9-7 | 9.9-7 | 9.9-7 -5.0-8 | -5.3-8 | -6.1-8 1.95 24 | 28 | 35
soybean-l.3 308 | 307 816 | 893 | 1000 9.8-7 | 7.6-7 | 9.0-7 -1.2-8 | -7.6-8 | -1.0-7 1.86 18 | 17 | 21
soybean-l.4 308 | 307 1366 | 1478 | 1849 9.9-7 | 9.9-7 | 9.9-7 -9.8-8 | -8.9-8 | -1.0-7 1.95 32 | 31 | 41
soybean-l.5 308 | 307 806 | 836 | 1104 9.9-7 | 9.9-7 | 9.8-7 -3.8-8 | -1.8-8 | -4.3-8 1.92 19 | 17 | 25
soybean-l.6 308 | 307 312 | 393 | 435 9.5-7 | 9.9-7 | 8.8-7 -5.5-8 | -3.2-8 | -7.0-8 1.89 08 | 08 | 10
soybean-l.7 308 | 307 1005 | 924 | 1235 9.9-7 | 9.9-7 | 9.9-7 -10.0-9 | -4.0-8 | -4.1-8 1.95 25 | 20 | 29
soybean-l.8 308 | 307 695 | 778 | 1058 9.9-7 | 9.9-7 | 9.9-7 -6.6-8 | -4.8-8 | -5.9-8 1.91 17 | 18 | 24
soybean-l.9 308 | 307 848 | 854 | 1146 9.9-7 | 9.9-7 | 9.7-7 5.5-9 | 2.0-8 | 1.2-8 1.92 21 | 18 | 26
soybean-l.10 308 | 307 364 | 373 | 450 9.8-7 | 9.9-7 | 9.6-7 -2.6-9 | -1.6-8 | -5.1-8 1.93 09 | 08 | 11
soybean-l.11 308 | 307 956 | 1107 | 1275 8.9-7 | 9.5-7 | 9.2-7 1.8-7 | 2.4-7 | 1.4-7 1.89 24 | 26 | 30
spambase-s.2 301 | 300 471 | 462 | 608 9.9-7 | 9.9-7 | 9.7-7 -1.2-7 | -8.8-8 | -1.8-7 1.95 10 | 08 | 12
spambase-s.3 301 | 300 675 | 656 | 714 9.7-7 | 9.9-7 | 9.9-7 -4.7-8 | -7.5-8 | -7.0-8 1.94 14 | 11 | 14
spambase-s.4 301 | 300 1267 | 1381 | 1450 9.9-7 | 9.9-7 | 9.9-7 -2.0-9 | -8.8-9 | -2.5-8 1.94 28 | 26 | 30
spambase-s.5 301 | 300 636 | 607 | 673 9.9-7 | 9.8-7 | 9.8-7 3.4-7 | -8.6-7 | 6.8-7 1.93 14 | 12 | 15
spambase-s.6 301 | 300 828 | 916 | 1027 9.9-7 | 9.9-7 | 9.9-7 -2.4-7 | -5.3-7 | -1.1-7 1.92 19 | 20 | 22
spambase-s.7 301 | 300 869 | 927 | 1011 9.9-7 | 9.9-7 | 9.9-7 1.1-7 | 4.3-7 | -5.3-8 1.93 20 | 19 | 23
spambase-s.8 301 | 300 1026 | 1117 | 1200 9.9-7 | 9.9-7 | 9.9-7 1.1-7 | 9.0-8 | 7.6-8 1.94 25 | 22 | 28
spambase-s.9 301 | 300 1116 | 1015 | 1248 9.9-7 | 9.9-7 | 9.3-7 -6.3-7 | 4.5-8 | -4.4-8 1.93 27 | 21 | 29
spambase-s.10 301 | 300 991 | 1276 | 1143 9.9-7 | 9.9-7 | 9.9-7 -1.3-7 | -2.0-7 | 8.6-8 1.94 25 | 27 | 27
spambase-s.11 301 | 300 1114 | 1164 | 1433 9.9-7 | 9.9-7 | 9.9-7 -4.0-7 | -5.7-7 | -5.1-7 1.92 28 | 26 | 35
spambase-m.2 901 | 900 612 | 520 | 721 9.8-7 | 9.8-7 | 9.3-7 1.9-7 | 7.5-7 | -4.4-7 1.95 2:41 | 1:47 | 2:45
spambase-m.3 901 | 900 1351 | 1110 | 1501 9.9-7 | 9.8-7 | 9.9-7 -1.4-7 | -3.7-7 | -3.0-7 1.94 5:36 | 3:48 | 5:45
spambase-m.4 901 | 900 2751 | 2860 | 3134 9.1-7 | 9.8-7 | 9.6-7 1.3-6 | 1.1-6 | 1.4-6 1.91 11:32 | 9:50 | 12:07
spambase-m.5 901 | 900 1739 | 1698 | 2159 9.9-7 | 9.9-7 | 9.9-7 -1.2-7 | -1.9-7 | -1.0-7 1.93 7:21 | 5:59 | 8:34
spambase-m.6 901 | 900 1356 | 1489 | 1775 9.9-7 | 9.9-7 | 9.9-7 -6.6-8 | -1.3-8 | -6.4-8 1.93 5:45 | 5:20 | 7:08
spambase-m.7 901 | 900 1464 | 1728 | 2171 9.9-7 | 9.9-7 | 9.9-7 9.2-9 | -4.5-8 | 6.8-8 1.95 6:18 | 6:19 | 8:54
spambase-m.8 901 | 900 1591 | 1695 | 1830 9.9-7 | 9.9-7 | 9.9-7 -7.1-8 | -1.3-7 | -7.4-8 1.93 6:50 | 6:06 | 7:26
spambase-m.9 901 | 900 1292 | 1464 | 1954 9.9-7 | 9.9-7 | 9.9-7 -1.2-6 | -1.1-6 | -4.0-7 1.92 5:35 | 5:21 | 8:00
spambase-m.10 901 | 900 1361 | 1503 | 1798 9.3-7 | 9.9-7 | 9.9-7 1.5-6 | -1.4-6 | 1.8-6 1.93 5:59 | 5:31 | 7:26
spambase-m.11 901 | 900 1276 | 1377 | 1907 9.6-7 | 9.2-7 | 9.9-7 1.6-6 | 1.4-6 | 9.9-7 1.93 5:31 | 5:07 | 7:49
spambase-l.2 1501 | 1500 596 | 692 | 1027 9.7-7 | 9.9-7 | 4.6-7 -1.9-6 | -1.4-6 | -1.9-6 1.92 8:59 | 9:30 | 15:24
spambase-l.3 1501 | 1500 686 | 1262 | 1189 9.7-7 | 9.9-7 | 9.9-7 1.6-6 | -6.6-7 | 2.3-6 1.94 10:23 | 17:25 | 17:52
spambase-l.4 1501 | 1500 3114 | 3193 | 3389 9.9-7 | 9.9-7 | 9.8-7 4.2-7 | 1.9-7 | 3.3-7 1.92 47:07 | 44:23 | 51:12
spambase-l.5 1501 | 1500 8684 | 11278 | 9355 9.9-7 | 9.7-7 | 9.8-7 -2.2-6 | -1.9-6 | -2.2-6 1.90 2:12:43 | 2:37:35 | 2:22:24
spambase-l.6 1501 | 1500 1823 | 1973 | 2632 9.9-7 | 9.9-7 | 9.7-7 2.8-6 | -2.2-6 | -2.5-6 1.94 28:07 | 27:57 | 40:28
spambase-l.7 1501 | 1500 1391 | 1620 | 2007 9.9-7 | 9.9-7 | 9.9-7 4.3-7 | 2.8-7 | 2.0-6 1.94 21:44 | 23:15 | 31:04
spambase-l.8 1501 | 1500 1578 | 1724 | 2125 9.9-7 | 9.3-7 | 9.8-7 1.7-6 | -2.2-6 | 2.4-6 1.95 24:52 | 25:06 | 33:03
spambase-l.9 1501 | 1500 1984 | 2176 | 2752 9.9-7 | 9.9-7 | 9.8-7 -2.5-6 | -2.0-6 | -2.3-6 1.94 32:05 | 31:48 | 44:10
spambase-l.10 1501 | 1500 2864 | 2783 | 3219 9.9-7 | 9.9-7 | 9.9-7 8.1-7 | -1.3-6 | -1.1-6 1.92 46:49 | 40:48 | 52:14
spambase-l.11 1501 | 1500 2606 | 2650 | 3176 9.6-7 | 9.9-7 | 9.2-7 -2.4-6 | 2.5-6 | 2.2-6 1.95 42:02 | 38:38 | 51:07
abalone-s.2 201 | 200 402 | 404 | 508 9.9-7 | 9.7-7 | 9.9-7 -1.3-8 | 4.5-8 | -9.1-9 1.95 03 | 03 | 04
abalone-s.3 201 | 200 300 | 270 | 401 9.6-7 | 9.9-7 | 9.7-7 -3.7-8 | 8.5-8 | -3.1-8 1.93 03 | 02 | 03
abalone-s.4 201 | 200 512 | 492 | 642 9.9-7 | 9.9-7 | 9.9-7 -3.3-9 | -1.1-8 | -1.4-8 1.95 05 | 04 | 05
abalone-s.5 201 | 200 559 | 684 | 867 9.9-7 | 9.9-7 | 9.9-7 -2.6-8 | -3.4-8 | -3.4-8 1.95 05 | 05 | 08
abalone-s.6 201 | 200 669 | 512 | 736 9.9-7 | 9.8-7 | 9.8-7 -1.6-8 | -7.2-8 | -2.7-8 1.93 06 | 04 | 06
abalone-s.7 201 | 200 1054 | 1020 | 1140 9.9-7 | 9.9-7 | 9.9-7 -3.2-8 | -3.4-8 | -4.9-8 1.91 10 | 08 | 10
abalone-s.8 201 | 200 1035 | 1120 | 1420 9.9-7 | 9.9-7 | 9.8-7 -1.4-7 | -1.5-7 | -1.1-7 1.91 10 | 09 | 13
abalone-s.9 201 | 200 1197 | 1195 | 1391 9.9-7 | 9.8-7 | 9.9-7 -1.9-7 | -1.3-7 | -2.1-7 1.90 12 | 10 | 13
abalone-s.10 201 | 200 1645 | 1691 | 1650 9.9-7 | 9.9-7 | 9.9-7 -8.0-8 | -9.2-8 | -1.1-7 1.90 16 | 14 | 15
abalone-s.11 201 | 200 1301 | 1267 | 1592 9.9-7 | 9.9-7 | 9.8-7 -1.4-7 | -2.2-7 | -9.5-8 1.90 13 | 11 | 15
abalone-m.2 401 | 400 479 | 533 | 621 9.9-7 | 9.9-7 | 9.5-7 2.7-8 | 5.8-8 | -2.7-8 1.95 19 | 17 | 23
abalone-m.3 401 | 400 653 | 742 | 901 9.9-7 | 9.9-7 | 9.9-7 3.1-9 | 3.9-9 | 7.8-9 1.95 26 | 25 | 34
abalone-m.4 401 | 400 379 | 429 | 521 9.9-7 | 9.3-7 | 9.9-7 -9.5-9 | -3.2-8 | -4.5-9 1.93 16 | 15 | 21
abalone-m.5 401 | 400 643 | 753 | 788 9.9-7 | 9.9-7 | 9.9-7 -1.6-7 | -1.6-7 | -1.7-7 1.91 28 | 26 | 32
abalone-m.6 401 | 400 502 | 639 | 788 9.9-7 | 9.9-7 | 9.9-7 -1.4-7 | -1.4-7 | -1.4-7 1.89 22 | 23 | 32
abalone-m.7 401 | 400 1169 | 1249 | 1592 9.9-7 | 9.9-7 | 9.8-7 -4.8-8 | -6.8-8 | -4.4-8 1.92 50 | 44 | 1:05
abalone-m.8 401 | 400 928 | 805 | 926 9.6-7 | 9.9-7 | 9.1-7 -1.1-7 | -8.0-8 | -6.4-8 1.91 41 | 29 | 39
abalone-m.9 401 | 400 1212 | 1116 | 1517 9.9-7 | 9.9-7 | 9.9-7 -2.7-8 | -8.0-8 | -5.9-8 1.90 54 | 42 | 1:06
abalone-m.10 401 | 400 1464 | 1477 | 1792 9.9-7 | 9.9-7 | 9.9-7 -1.6-7 | -1.5-7 | -1.6-7 1.90 1:05 | 55 | 1:18
abalone-m.11 401 | 400 1501 | 1403 | 1771 9.7-7 | 9.9-7 | 9.9-7 -1.5-7 | -1.9-7 | -1.6-7 1.90 1:08 | 53 | 1:18
abalone-l.2 1001 | 1000 475 | 615 | 626 9.9-7 | 9.8-7 | 7.2-7 4.3-7 | 4.8-7 | 1.5-7 1.95 2:35 | 2:51 | 3:12
abalone-l.3 1001 | 1000 742 | 842 | 884 9.9-7 | 9.9-7 | 9.9-7 -7.3-8 | -6.8-8 | -7.1-8 1.95 4:08 | 3:55 | 4:35
abalone-l.4 1001 | 1000 550 | 609 | 704 9.7-7 | 9.9-7 | 9.9-7 2.2-8 | 2.3-8 | -2.7-8 1.94 3:08 | 2:54 | 3:42
abalone-l.5 1001 | 1000 830 | 923 | 1137 9.9-7 | 9.9-7 | 9.9-7 -8.0-8 | -8.2-8 | -8.7-8 1.94 4:43 | 4:24 | 6:01
abalone-l.6 1001 | 1000 962 | 1332 | 1332 9.9-7 | 9.9-7 | 9.9-7 -9.2-8 | -9.6-8 | -9.4-8 1.91 5:30 | 6:23 | 7:04
abalone-l.7 1001 | 1000 1215 | 1266 | 1437 9.8-7 | 9.9-7 | 9.9-7 -6.4-8 | -1.1-7 | -10.0-8 1.90 6:54 | 6:03 | 7:36
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Table 2: (continued) Performance of CADMM, ADMM3d and ADMM3g on θ+, FAP, QAP,
BIQ and RCP problems with accuray=10−6 . In this table, τ column reports the final value
of τk of CADMM, and the computing time is in the format of “hours:minutes:seconds’. In
the name of the last 120 problems, “-s, -m, -l” means “-small, -medium, -large”, respectively.
iteration η gap τ time
problem m | n cadm|adm3d|adm3g cadm|adm3d|adm3g cadm|adm3d|adm3g cadm cadm|adm3d|adm3g
abalone-l.8 1001 | 1000 1193 | 1018 | 1446 9.9-7 | 9.9-7 | 9.9-7 -3.2-7 | -3.1-7 | -2.3-7 1.90 6:45 | 4:52 | 7:41
abalone-l.9 1001 | 1000 1611 | 2033 | 2029 9.9-7 | 9.9-7 | 9.9-7 -1.4-7 | -2.2-7 | -2.1-7 1.90 9:09 | 9:46 | 10:47
abalone-l.10 1001 | 1000 1754 | 1951 | 2184 8.6-7 | 9.0-7 | 9.4-7 -5.5-8 | -5.9-8 | -6.8-8 1.90 10:05 | 9:25 | 11:41
abalone-l.11 1001 | 1000 2070 | 2079 | 2280 9.9-7 | 9.9-7 | 9.9-7 -1.4-7 | -1.2-7 | -1.4-7 1.90 11:53 | 10:01 | 12:10
segment-s.2 401 | 400 2199 | 2048 | 2267 9.9-7 | 9.8-7 | 9.0-7 -1.1-7 | 2.0-7 | 1.1-7 1.95 1:23 | 1:02 | 1:24
segment-s.3 401 | 400 1471 | 1553 | 1845 9.9-7 | 9.9-7 | 9.9-7 -5.5-8 | -5.1-8 | -5.6-8 1.84 58 | 51 | 1:12
segment-s.4 401 | 400 1113 | 1216 | 1449 9.9-7 | 9.9-7 | 9.9-7 -6.6-8 | -6.2-8 | -9.9-8 1.89 45 | 41 | 58
segment-s.5 401 | 400 2308 | 2482 | 3194 9.9-7 | 9.9-7 | 9.9-7 -1.5-7 | -1.7-7 | -1.6-7 1.95 1:46 | 1:36 | 2:24
segment-s.6 401 | 400 1813 | 1953 | 2513 9.9-7 | 9.9-7 | 9.9-7 -7.8-8 | -8.3-8 | -7.7-8 1.95 1:23 | 1:13 | 1:51
segment-s.7 401 | 400 912 | 1043 | 1374 9.9-7 | 9.9-7 | 9.9-7 -1.7-8 | -2.8-9 | 4.1-9 1.93 41 | 39 | 59
segment-s.8 401 | 400 1307 | 1485 | 1801 9.9-7 | 9.9-7 | 9.9-7 -1.3-7 | -1.0-7 | -1.0-7 1.91 1:00 | 57 | 1:21
segment-s.9 401 | 400 805 | 844 | 1152 9.9-7 | 9.9-7 | 9.9-7 -1.6-7 | -1.2-7 | -8.6-8 1.93 37 | 33 | 52
segment-s.10 401 | 400 1110 | 1301 | 1498 9.9-7 | 9.9-7 | 9.9-7 -5.9-8 | -7.5-8 | -8.1-8 1.91 54 | 54 | 1:10
segment-s.11 401 | 400 1229 | 1456 | 1802 9.9-7 | 9.9-7 | 9.9-7 -5.6-8 | -3.7-8 | -7.7-8 1.90 1:02 | 1:03 | 1:28
segment-m.2 701 | 700 1131 | 1101 | 1093 9.5-7 | 9.8-7 | 9.9-7 1.1-6 | 1.4-6 | -1.4-7 1.93 2:29 | 1:57 | 2:16
segment-m.3 701 | 700 501 | 745 | 875 9.8-7 | 9.9-7 | 8.5-7 -4.6-7 | -7.5-7 | -2.6-7 1.95 1:08 | 1:20 | 1:50
segment-m.4 701 | 700 2201 | 2178 | 2524 9.9-7 | 9.9-7 | 9.9-7 -7.2-8 | -6.6-8 | -6.6-8 1.95 5:06 | 4:05 | 5:29
segment-m.5 701 | 700 2173 | 2203 | 2811 9.9-7 | 9.9-7 | 9.9-7 -1.1-7 | -1.3-7 | -1.3-7 1.95 5:07 | 4:15 | 6:12
segment-m.6 701 | 700 2722 | 3109 | 3809 9.9-7 | 9.9-7 | 9.9-7 -1.6-7 | -1.8-7 | -1.7-7 1.95 6:47 | 6:20 | 8:49
segment-m.7 701 | 700 3179 | 3445 | 4300 9.9-7 | 9.9-7 | 9.9-7 -1.5-7 | -1.6-7 | -1.6-7 1.95 8:16 | 7:26 | 10:26
segment-m.8 701 | 700 3227 | 3479 | 3750 9.9-7 | 9.9-7 | 9.9-7 -1.8-7 | -1.7-7 | -1.6-7 1.95 8:16 | 7:23 | 9:01
segment-m.9 701 | 700 2199 | 2148 | 2578 9.9-7 | 9.9-7 | 9.9-7 -1.5-7 | -1.3-7 | -1.0-7 1.95 5:30 | 4:27 | 6:02
segment-m.10 701 | 700 1697 | 1733 | 2140 9.9-7 | 9.9-7 | 9.9-7 -3.4-8 | 3.2-8 | 3.1-8 1.95 4:10 | 3:33 | 4:57
segment-m.11 701 | 700 1420 | 1552 | 2148 9.9-7 | 9.9-7 | 9.9-7 1.4-8 | -1.2-7 | -4.2-7 1.95 3:29 | 3:08 | 4:56
segment-l.2 1001 | 1000 1248 | 1396 | 1570 9.8-7 | 9.9-7 | 9.9-7 -1.1-6 | 1.6-6 | -1.6-6 1.89 6:47 | 6:15 | 7:52
segment-l.3 1001 | 1000 489 | 493 | 812 9.9-7 | 9.9-7 | 9.9-7 -4.8-7 | -9.5-7 | -1.1-6 1.95 2:43 | 2:15 | 4:09
segment-l.4 1001 | 1000 1946 | 1973 | 2434 9.9-7 | 9.9-7 | 9.9-7 -8.0-8 | -8.9-8 | -9.3-8 1.95 10:55 | 9:18 | 12:43
segment-l.5 1001 | 1000 2570 | 2648 | 3139 9.9-7 | 9.9-7 | 9.9-7 -1.0-7 | -1.1-7 | -1.0-7 1.95 14:32 | 12:35 | 16:32
segment-l.6 1001 | 1000 3020 | 3391 | 3938 9.9-7 | 9.9-7 | 9.9-7 -1.7-7 | -1.7-7 | -1.6-7 1.95 17:29 | 16:35 | 21:15
segment-l.7 1001 | 1000 3208 | 4135 | 4423 9.9-7 | 9.9-7 | 9.9-7 -1.7-7 | -1.8-7 | -1.6-7 1.95 19:04 | 20:46 | 24:27
segment-l.8 1001 | 1000 2776 | 3211 | 3710 9.9-7 | 9.9-7 | 9.9-7 -9.3-8 | -8.8-8 | -9.8-8 1.95 16:27 | 16:07 | 20:30
segment-l.9 1001 | 1000 2271 | 2615 | 3047 9.9-7 | 9.9-7 | 9.9-7 -1.3-7 | -1.3-7 | -1.3-7 1.95 13:19 | 13:03 | 16:42
segment-l.10 1001 | 1000 1742 | 1827 | 2106 9.9-7 | 9.9-7 | 9.9-7 -2.0-8 | 3.0-9 | -1.3-8 1.95 10:05 | 8:55 | 11:19
segment-l.11 1001 | 1000 1531 | 1619 | 1987 9.9-7 | 9.9-7 | 9.9-7 3.6-7 | -2.3-7 | -6.6-8 1.95 8:54 | 7:59 | 10:45
housing.2 507 | 506 3398 | 3426 | 4089 9.9-7 | 9.9-7 | 9.7-7 -1.9-7 | 2.0-7 | -5.8-8 1.72 3:38 | 2:59 | 4:15
housing.3 507 | 506 1239 | 1460 | 1511 9.5-7 | 9.8-7 | 9.4-7 -3.5-8 | 1.5-7 | 3.8-8 1.92 1:21 | 1:18 | 1:35
housing.4 507 | 506 1253 | 1222 | 1601 9.9-7 | 9.9-7 | 9.9-7 -4.3-8 | -3.6-8 | -3.2-8 1.91 1:24 | 1:06 | 1:42
housing.5 507 | 506 1003 | 1417 | 1456 9.9-7 | 9.8-7 | 9.3-7 -2.7-7 | 2.3-7 | 2.2-7 1.92 1:08 | 1:17 | 1:34
housing.6 507 | 506 554 | 610 | 745 9.9-7 | 9.9-7 | 9.9-7 -7.2-8 | -3.0-8 | -7.7-8 1.93 38 | 35 | 50
housing.7 507 | 506 623 | 648 | 708 9.9-7 | 9.9-7 | 9.9-7 -1.6-7 | -1.5-7 | -1.6-7 1.92 44 | 38 | 48
housing.8 507 | 506 615 | 691 | 850 9.9-7 | 9.9-7 | 9.9-7 -1.1-7 | -1.1-7 | -1.2-7 1.93 45 | 42 | 59
housing.9 507 | 506 815 | 786 | 1058 9.9-7 | 9.2-7 | 8.6-7 -1.7-7 | 4.9-8 | 2.4-8 1.91 1:00 | 49 | 1:15
housing.10 507 | 506 902 | 1022 | 1303 9.9-7 | 9.9-7 | 9.9-7 -1.6-7 | -2.0-7 | -1.5-7 1.91 1:07 | 1:03 | 1:33
housing.11 507 | 506 823 | 884 | 1048 9.9-7 | 9.9-7 | 9.9-7 -1.0-7 | -1.1-7 | -1.0-7 1.92 1:03 | 57 | 1:17
Table 3: Performance of CADMM, ADMM4d and LADMM4g on the 165 extended BIQ
problems with accuray=10−6 . The computing time is in the format of “h:m:s’.
iteration η gap τ time
problem m | n cadm|adm4d|Ladm4g cadm|adm4d|Ladm4g cadm|adm4d|Ladm4g cadm cadm|adm4d|Ladm4g
be100.1 101 | 101 15986 | 17066 | 28101 9.9-7 | 9.9-7 | 9.9-7 6.4-8 | 2.5-7 | -4.6-7 1.83 1:38 | 1:31 | 3:09
be100.2 101 | 101 9452 | 10803 | 21101 9.9-7 | 9.9-7 | 9.9-7 -6.1-7 | -4.6-7 | -4.5-7 1.95 58 | 57 | 2:21
be100.3 101 | 101 12768 | 13842 | 36001 9.9-7 | 9.9-7 | 9.9-7 -3.0-9 | -1.4-7 | -6.0-7 1.95 1:15 | 1:14 | 4:22
be100.4 101 | 101 14181 | 15549 | 26641 9.9-7 | 9.9-7 | 9.9-7 -2.6-8 | -3.5-8 | -1.2-7 1.95 1:24 | 1:23 | 2:59
be100.5 101 | 101 8480 | 9899 | 14302 9.9-7 | 9.9-7 | 9.6-7 -5.0-7 | -3.0-7 | -4.7-7 1.95 50 | 52 | 1:36
be100.6 101 | 101 10803 | 12239 | 20202 9.9-7 | 9.9-7 | 9.9-7 -5.0-7 | -7.4-7 | 7.0-7 1.95 1:03 | 1:05 | 2:19
be100.7 101 | 101 13926 | 15177 | 26801 9.9-7 | 9.9-7 | 9.9-7 -3.4-7 | -5.1-7 | -2.5-7 1.90 1:22 | 1:20 | 3:00
be100.8 101 | 101 12099 | 12640 | 22301 9.9-7 | 9.9-7 | 9.2-7 -4.7-7 | -4.5-7 | -2.2-7 1.85 1:11 | 1:07 | 2:31
be100.9 101 | 101 11863 | 12703 | 30651 9.9-7 | 9.9-7 | 9.9-7 -6.5-7 | -5.2-7 | -3.7-7 1.95 1:10 | 1:06 | 3:24
be100.10 101 | 101 7695 | 8722 | 12701 9.9-7 | 9.9-7 | 9.7-7 -8.5-7 | -8.4-7 | -3.4-7 1.95 45 | 46 | 1:25
be120.3.1 121 | 121 18078 | 20034 | 32301 9.9-7 | 9.9-7 | 9.9-7 1.3-8 | -5.3-7 | -4.5-7 1.93 2:14 | 2:12 | 4:33
be120.3.2 121 | 121 14797 | 16023 | 23401 9.9-7 | 9.9-7 | 9.8-7 -1.6-7 | 3.3-8 | -6.8-7 1.95 1:50 | 1:46 | 3:21
be120.3.3 121 | 121 10022 | 10899 | 19801 9.9-7 | 9.9-7 | 9.9-7 -6.2-7 | -5.6-7 | -2.4-7 1.95 1:17 | 1:14 | 2:49
be120.3.4 121 | 121 22004 | 24197 | 40000 9.9-7 | 9.9-7 | 3.1-6 -1.1-7 | -1.5-7 | -1.1-6 1.95 2:43 | 2:40 | 5:40
be120.3.5 121 | 121 14910 | 16361 | 36001 9.9-7 | 9.9-7 | 9.9-7 -2.0-8 | -2.7-7 | -6.6-7 1.95 1:50 | 1:48 | 5:17
be120.3.6 121 | 121 16153 | 17669 | 30351 9.9-7 | 9.9-7 | 9.9-7 1.4-7 | 1.7-7 | -3.7-7 1.95 2:06 | 2:02 | 4:26
be120.3.7 121 | 121 21032 | 23244 | 34543 9.9-7 | 9.9-7 | 9.9-7 -2.2-7 | -1.2-7 | -5.1-7 1.94 2:44 | 2:42 | 5:06
be120.3.8 121 | 121 20004 | 21389 | 37101 9.9-7 | 9.9-7 | 9.9-7 -4.4-7 | -5.4-7 | -4.5-7 1.93 2:36 | 2:28 | 5:17
be120.3.9 121 | 121 12477 | 13338 | 27766 9.9-7 | 9.9-7 | 9.9-7 2.2-7 | 7.0-8 | -4.1-7 1.95 1:32 | 1:28 | 3:55
be120.3.10 121 | 121 13003 | 14307 | 21472 9.9-7 | 9.9-7 | 9.9-7 3.7-7 | -2.1-7 | 4.0-7 1.94 1:36 | 1:35 | 3:03
be120.8.1 121 | 121 8214 | 9000 | 12962 9.9-7 | 9.9-7 | 9.9-7 -2.0-7 | -3.7-7 | -1.4-7 1.95 1:00 | 59 | 1:52
be120.8.2 121 | 121 11804 | 12407 | 37201 9.9-7 | 9.9-7 | 8.8-7 -1.9-8 | -5.6-7 | -1.9-7 1.88 1:30 | 1:25 | 5:49
be120.8.3 121 | 121 10499 | 11278 | 16841 9.9-7 | 9.9-7 | 9.9-7 -3.2-7 | -3.3-7 | -1.5-7 1.95 1:21 | 1:18 | 2:30
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Table 3: (continued) Performance of CADMM, ADMM4d and LADMM4g on the 165 ex-
tended BIQ problems with accuray=10−6 . The computing time is in the format of “h:m:s’.
iteration η gap τ time
problem m | n cadm|adm4d|Ladm4g cadm|adm4d|Ladm4g cadm|adm4d|Ladm4g cadm cadm|adm4d|Ladm4g
be120.8.4 121 | 121 14513 | 15505 | 27001 9.9-7 | 9.9-7 | 9.9-7 6.3-7 | 7.6-7 | 9.4-8 1.82 1:53 | 1:49 | 4:00
be120.8.5 121 | 121 15238 | 16661 | 25002 9.9-7 | 9.9-7 | 9.9-7 -4.4-7 | -5.3-7 | -5.0-7 1.93 2:00 | 1:58 | 3:42
be120.8.6 121 | 121 9737 | 11345 | 20101 9.9-7 | 9.9-7 | 9.9-7 -6.1-7 | -8.2-8 | -6.6-8 1.95 1:15 | 1:18 | 3:02
be120.8.7 121 | 121 14726 | 15535 | 27201 9.9-7 | 9.9-7 | 9.9-7 -4.0-8 | 1.2-7 | -1.3-7 1.84 1:55 | 1:47 | 4:07
be120.8.8 121 | 121 13251 | 14387 | 26302 9.9-7 | 9.9-7 | 9.9-7 -2.8-8 | 5.2-9 | -1.9-7 1.95 1:42 | 1:40 | 3:51
be120.8.9 121 | 121 11291 | 12609 | 17801 9.9-7 | 9.9-7 | 9.9-7 1.1-8 | 1.4-7 | -2.8-7 1.94 1:28 | 1:27 | 2:37
be120.8.10 121 | 121 11625 | 12689 | 20401 9.9-7 | 9.9-7 | 9.7-7 -5.4-7 | -8.8-7 | -8.4-7 1.95 1:31 | 1:28 | 3:05
be150.3.1 151 | 151 17965 | 17067 | 28190 9.9-7 | 9.9-7 | 9.9-7 8.7-7 | 8.3-7 | -1.8-7 1.89 3:13 | 2:43 | 5:36
be150.3.2 151 | 151 14490 | 15005 | 27001 9.9-7 | 9.9-7 | 9.9-7 -4.5-7 | -2.9-7 | -4.1-7 1.83 2:30 | 2:22 | 5:32
be150.3.3 151 | 151 12420 | 13709 | 20601 9.9-7 | 9.9-7 | 9.8-7 8.4-7 | 1.0-6 | 4.0-7 1.93 2:06 | 2:05 | 4:03
be150.3.4 151 | 151 18830 | 20617 | 31126 9.9-7 | 9.9-7 | 9.9-7 7.1-8 | -9.0-8 | -5.4-7 1.87 3:13 | 3:08 | 6:08
be150.3.5 151 | 151 15460 | 17007 | 24001 9.9-7 | 9.9-7 | 9.9-7 -7.5-7 | -6.1-7 | -5.8-7 1.90 2:40 | 2:35 | 4:44
be150.3.6 151 | 151 11499 | 12784 | 19101 9.9-7 | 9.9-7 | 9.9-7 -4.0-7 | -3.0-7 | 8.1-8 1.94 2:02 | 2:01 | 3:53
be150.3.7 151 | 151 19704 | 20805 | 40000 9.9-7 | 9.9-7 | 2.7-6 -4.5-7 | -7.1-7 | -6.3-7 1.86 3:31 | 3:18 | 8:16
be150.3.8 151 | 151 17062 | 18653 | 30001 9.9-7 | 9.9-7 | 9.5-7 -6.7-7 | -1.0-6 | -6.1-7 1.81 3:03 | 2:54 | 6:03
be150.3.9 151 | 151 9145 | 10574 | 17701 9.9-7 | 9.9-7 | 9.8-7 -3.0-8 | -2.7-7 | -5.0-7 1.94 1:34 | 1:37 | 3:30
be150.3.10 151 | 151 16922 | 18753 | 30001 9.9-7 | 9.9-7 | 9.8-7 -4.9-7 | -4.2-7 | -6.5-7 1.91 2:54 | 2:51 | 5:58
be150.8.1 151 | 151 11242 | 12104 | 17801 9.9-7 | 9.9-7 | 9.9-7 -1.6-7 | -6.2-7 | -9.4-7 1.93 1:58 | 1:56 | 3:34
be150.8.2 151 | 151 9526 | 10738 | 16051 9.9-7 | 9.9-7 | 9.9-7 -9.3-8 | 6.0-8 | -5.8-7 1.93 1:38 | 1:39 | 3:09
be150.8.3 151 | 151 16109 | 16406 | 40000 9.9-7 | 9.9-7 | 1.5-6 -3.8-7 | 3.2-7 | -3.5-7 1.82 2:47 | 2:31 | 8:25
be150.8.4 151 | 151 13714 | 16191 | 29001 9.9-7 | 9.9-7 | 9.8-7 -1.9-7 | -1.4-7 | -2.8-7 1.92 2:28 | 2:35 | 6:11
be150.8.5 151 | 151 13887 | 13188 | 23402 9.9-7 | 9.9-7 | 9.9-7 1.3-6 | 7.9-7 | -5.3-7 1.80 2:30 | 2:08| 4:47
be150.8.6 151 | 151 13227 | 14739 | 22101 9.9-7 | 9.9-7 | 9.8-7 8.0-7 | 8.2-7 | 3.0-7 1.93 2:23 | 2:20 | 4:29
be150.8.7 151 | 151 16646 | 16922 | 27801 9.9-7 | 9.9-7 | 8.7-7 -2.0-7 | -3.2-7 | -1.4-7 1.92 2:54 | 2:35 | 5:32
be150.8.8 151 | 151 14280 | 15379 | 25801 9.9-7 | 9.9-7 | 9.7-7 -3.8-7 | -2.9-8 | -3.6-7 1.93 2:36 | 2:30 | 5:29
be150.8.9 151 | 151 14811 | 16483 | 33301 9.9-7 | 9.9-7 | 9.3-7 4.0-7 | 3.3-7 | -3.0-7 1.94 2:40 | 2:39 | 6:51
be150.8.10 151 | 151 13035 | 14000 | 22601 9.9-7 | 9.9-7 | 9.6-7 -3.6-7 | -3.1-7 | -3.5-7 1.85 2:19 | 2:09 | 4:34
be200.3.1 201 | 201 15205 | 15554 | 24701 9.9-7 | 9.9-7 | 9.9-7 -3.5-7 | -1.7-7 | -3.7-7 1.91 4:46 | 4:08 | 8:30
be200.3.2 201 | 201 15883 | 17413 | 26901 9.9-7 | 9.9-7 | 9.9-7 9.1-8 | 9.3-8 | 1.3-7 1.92 4:38 | 4:26 | 9:02
be200.3.3 201 | 201 20116 | 21047 | 32501 9.9-7 | 9.9-7 | 9.9-7 3.7-7 | 6.7-7 | 2.0-7 1.85 6:03 | 5:42 | 11:43
be200.3.4 201 | 201 19904 | 20762 | 31501 9.9-7 | 9.9-7 | 9.9-7 -4.9-7 | -3.7-7 | -4.1-7 1.89 6:11 | 5:39 | 11:17
be200.3.5 201 | 201 16051 | 17217 | 25498 9.9-7 | 9.9-7 | 9.9-7 -6.8-8 | 2.7-7 | 6.6-8 1.91 4:59 | 4:41 | 9:07
be200.3.6 201 | 201 16920 | 18809 | 26419 9.9-7 | 9.9-7 | 9.9-7 -1.9-9 | -9.9-8 | 3.1-8 1.86 5:14 | 5:05 | 9:21
be200.3.7 201 | 201 21678 | 23906 | 35012 9.9-7 | 9.9-7 | 9.9-7 -6.7-8 | -1.1-7 | -6.5-7 1.84 6:45 | 6:33 | 12:35
be200.3.8 201 | 201 20154 | 21008 | 36701 9.9-7 | 9.9-7 | 9.9-7 -1.6-7 | -3.0-7 | -4.3-7 1.86 6:16 | 5:31 | 13:26
be200.3.9 201 | 201 18818 | 20123 | 31201 9.9-7 | 9.9-7 | 9.6-7 -1.1-7 | -1.8-8 | -4.1-7 1.91 5:55 | 5:31 | 11:09
be200.3.10 201 | 201 12770 | 14171 | 20201 9.9-7 | 9.9-7 | 9.9-7 -2.2-7 | -1.2-6 | -8.1-7 1.80 3:41 | 3:36 | 6:47
be200.8.1 201 | 201 19657 | 20162 | 30501 9.9-7 | 9.9-7 | 9.9-7 9.3-8 | 2.1-7 | -2.2-7 1.73 5:56 | 5:27 | 10:47
be200.8.2 201 | 201 14223 | 15407 | 23401 9.9-7 | 9.9-7 | 9.4-7 -3.7-7 | -4.4-7 | -3.0-7 1.90 4:14 | 4:00 | 8:03
be200.8.3 201 | 201 17852 | 19030 | 35101 9.9-7 | 9.9-7 | 9.7-7 -5.1-7 | -3.8-7 | -1.3-7 1.82 5:38 | 5:12 | 13:05
be200.8.4 201 | 201 16855 | 17952 | 31201 9.9-7 | 9.9-7 | 9.8-7 -4.2-7 | -4.9-7 | -2.8-7 1.79 5:08 | 4:44 | 11:11
be200.8.5 201 | 201 18302 | 19762 | 36701 9.9-7 | 9.9-7 | 9.8-7 1.9-7 | 1.3-8 | -2.7-8 1.87 5:38 | 5:16 | 13:37
be200.8.6 201 | 201 22596 | 22712 | 40000 9.9-7 | 9.9-7 | 4.0-6 1.9-7 | 2.2-7 | -8.2-7 1.69 7:10 | 6:06 | 14:07
be200.8.7 201 | 201 18457 | 19238 | 30201 9.9-7 | 9.9-7 | 9.4-7 6.2-8 | 1.9-7 | 2.7-7 1.78 5:50 | 5:15 | 10:52
be200.8.8 201 | 201 23659 | 24633 | 40000 9.9-7 | 9.9-7 | 3.1-6 9.0-8 | 7.1-8 | -7.6-7 1.75 7:28 | 6:41| 14:09
be200.8.9 201 | 201 16146 | 16911 | 25001 9.9-7 | 9.9-7 | 9.9-7 -2.3-7 | -1.9-7 | -4.5-7 1.83 5:05 | 4:35 | 8:48
be200.8.10 201 | 201 17067 | 18001 | 26063 9.9-7 | 9.9-7 | 9.9-7 5.1-8 | 2.5-7 | 5.2-7 1.80 5:21 | 4:52 | 9:08
be250.1 251 | 251 32610 | 34592 | 40000 9.9-7 | 9.9-7 | 1.9-6 -5.2-7 | -5.6-7 | -1.0-6 1.88 15:43 | 15:06 | 22:31
be250.2 251 | 251 24830 | 26303 | 35130 9.9-7 | 9.9-7 | 9.9-7 -3.6-7 | -3.4-7 | -1.1-7 1.82 11:43 | 11:30 | 19:33
be250.3 251 | 251 32775 | 36441 | 40000 9.9-7 | 9.9-7 | 2.2-6 5.5-7 | 5.8-7 | -5.0-7 1.91 16:12 | 16:22 | 22:23
be250.4 251 | 251 34320 | 37312 | 40000 9.9-7 | 9.9-7 | 3.0-6 -1.1-7 | -1.1-7 | -8.9-7 1.91 16:52 | 16:51 | 23:05
be250.5 251 | 251 20583 | 22831 | 31184 9.9-7 | 9.9-7 | 9.9-7 3.4-8 | 1.3-7 | 4.1-8 1.91 9:39 | 9:34 | 16:54
be250.6 251 | 251 29456 | 30930 | 40000 9.9-7 | 9.9-7 | 3.7-6 2.7-7 | 2.7-7 | -8.6-7 1.83 13:52 | 13:04 | 22:07
be250.7 251 | 251 29789 | 31931 | 40000 9.9-7 | 9.9-7 | 2.4-6 -3.9-8 | 3.2-9 | -8.1-7 1.87 14:35 | 13:50 | 22:36
be250.8 251 | 251 27478 | 28540 | 40000 9.9-7 | 9.9-7 | 2.4-6 1.2-7 | 2.5-7 | -6.4-7 1.86 13:20 | 12:17| 22:18
be250.9 251 | 251 19585 | 21746 | 28889 9.9-7 | 9.9-7 | 9.9-7 4.1-7 | 3.3-7 | 3.4-7 1.91 9:14 | 9:06 | 15:46
be250.10 251 | 251 21890 | 25420 | 35636 9.9-7 | 9.9-7 | 9.9-7 -4.1-7 | -1.5-7 | -7.9-8 1.87 10:17 | 10:45 | 19:22
bqp50-1 51 | 51 2302 | 2101 | 3060 9.1-7 | 8.9-7 | 9.9-7 -8.1-7 | -2.5-7 | -3.4-7 1.90 07 | 06 | 10
bqp50-2 51 | 51 1609 | 1706 | 2258 9.5-7 | 9.9-7 | 9.9-7 -2.2-6 | -4.5-7 | -2.0-7 1.91 05 | 05 | 08
bqp50-3 51 | 51 2096 | 1650 | 2220 9.6-7 | 9.9-7 | 9.7-7 -2.6-6 | -2.3-6 | 3.7-6 1.86 05 | 04 | 07
bqp50-4 51 | 51 2813 | 2475 | 2744 9.9-7 | 9.9-7 | 9.9-7 1.2-6 | 4.2-7 | 2.2-6 1.90 08| 06 | 09
bqp50-5 51 | 51 3019 | 3106 | 7642 9.9-7 | 9.9-7 | 9.9-7 2.7-7 | -5.1-8 | -2.2-8 1.91 08 | 07 | 24
bqp50-6 51 | 51 2616 | 2372 | 3301 9.9-7 | 9.9-7 | 9.2-7 1.8-6 | 3.3-6 | 3.5-7 1.90 07| 05 | 10
bqp50-7 51 | 51 4132 | 3721 | 5274 9.9-7 | 9.8-7 | 9.9-7 2.9-6 | -3.4-6 | -1.3-6 1.86 12 | 09 | 17
bqp50-8 51 | 51 3346 | 3045 | 3609 9.9-7 | 9.6-7 | 9.9-7 4.8-6 | -3.0-6 | -4.4-6 1.90 09 | 07 | 11
bqp50-9 51 | 51 3332 | 3112 | 3930 9.9-7 | 9.9-7 | 9.9-7 -3.6-6 | 4.1-6 | -5.0-6 1.89 09 | 08 | 13
bqp50-10 51 | 51 3285 | 3993 | 4583 9.8-7 | 9.9-7 | 9.9-7 -7.6-7 | -4.1-8 | -8.1-9 1.90 10 | 10 | 16
bqp100-1 101 | 101 21532 | 23675 | 31372 9.9-7 | 9.9-7 | 9.9-7 -7.3-7 | -8.2-7 | -7.1-7 1.93 2:14 | 2:11 | 3:41
bqp100-2 101 | 101 27469 | 29024 | 36064 9.9-7 | 9.7-7 | 9.8-7 -4.8-6 | -4.9-6| 5.6-6 1.88 2:51 | 2:42 | 4:14
bqp100-3 101 | 101 4773 | 4819 | 4899 9.8-7 | 9.5-7 | 9.9-7 -4.3-6 | -5.2-6 | 4.9-6 1.86 25 | 22 | 32
bqp100-4 101 | 101 4420 | 4196 | 5434 9.6-7 | 9.9-7 | 9.7-7 5.6-6 | 6.0-6 | 3.7-6 1.90 24 | 20 | 33
bqp100-5 101 | 101 7277 | 7736 | 9342 9.9-7 | 9.8-7 | 9.8-7 6.6-6 | -6.5-6| 5.5-6 1.89 43 | 41 | 1:03
bqp100-6 101 | 101 19710 | 22907 | 31101 9.9-7 | 9.9-7 | 9.9-7 -9.2-7 | -8.7-7 | -7.8-7 1.92 2:04 | 2:09 | 3:40
bqp100-7 101 | 101 28744 | 31222 | 40000 9.9-7 | 9.9-7 | 1.3-6 -7.9-7 | -8.0-7 | -1.2-6 1.93 2:59 | 2:55 | 4:42
bqp100-8 101 | 101 3021 | 3199 | 4064 9.0-7 | 8.2-7 | 9.6-7 1.8-6 | 1.5-6 | -4.4-6 1.85 18 | 18 | 28
bqp100-9 101 | 101 4250 | 3920 | 5683 9.8-7 | 9.7-7 | 9.6-7 -4.3-6 | -5.3-6 | 4.2-6 1.84 23 | 19 | 35
bqp100-10 101 | 101 6923 | 7323 | 8704 9.5-7 | 9.9-7 | 9.9-7 4.8-6 | 5.1-6 | 5.8-6 1.88 38 | 36 | 56
bqp250-1 251 | 251 28907 | 30414 | 40000 9.9-7 | 9.9-7 | 4.0-6 3.5-7 | 4.1-7 | -1.2-6 1.82 14:00 | 13:06 | 22:28
bqp250-2 251 | 251 24207 | 26303 | 39901 9.9-7 | 9.9-7 | 9.9-7 9.3-8 | -2.8-7 | -4.7-7 1.86 11:16 | 11:01 | 21:42
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Table 3: (continued) Performance of CADMM, ADMM4d and LADMM4g on the 165 ex-
tended BIQ problems with accuray=10−6 . The computing time is in the format of “h:m:s’.
iteration η gap τ time
problem m | n cadm|adm4d|Ladm4g cadm|adm4d|Ladm4g cadm|adm4d|Ladm4g cadm cadm|adm4d|Ladm4g
bqp250-3 251 | 251 28573 | 31033 | 40000 9.9-7 | 9.9-7 | 1.7-6 8.0-7 | 9.3-7 | 5.7-7 1.85 13:26 | 13:07| 21:46
bqp250-4 251 | 251 21055 | 22328 | 34701 9.9-7 | 9.9-7 | 9.6-7 4.1-7 | 5.1-7 | 7.8-8 1.88 9:53 | 9:19 | 19:23
bqp250-5 251 | 251 29102 | 30938 | 40000 9.9-7 | 9.9-7 | 1.9-6 -6.2-7 | -7.1-7 | -7.3-7 1.85 13:57 |13:09 | 22:06
bqp250-6 251 | 251 19897 | 20804 | 33701 9.9-7 | 9.9-7 | 9.9-7 3.1-7 | 5.1-7 | -4.0-7 1.91 9:15 | 8:32 | 18:43
bqp250-7 251 | 251 25726 | 28181 | 40000 9.9-7 | 9.9-7 | 2.2-6 4.6-7 | 5.1-7 | -6.0-8 1.86 11:58 | 11:40| 21:46
bqp250-8 251 | 251 20746 | 22407 | 34590 9.9-7 | 9.9-7 | 9.9-7 1.5-7 | -3.5-8 | -3.1-7 1.91 9:27 | 9:04 | 18:33
bqp250-9 251 | 251 29475 | 31324 | 40000 9.9-7 | 9.9-7 | 2.3-6 -2.2-7 | -2.3-7 | -1.0-6 1.86 13:53 | 13:05 | 21:54
bqp250-10 251 | 251 18577 | 19686 | 32101 9.9-7 | 9.9-7 | 9.9-7 -2.0-7 | 2.1-7 | -4.6-7 1.87 8:33 | 7:58 | 17:15
bqp500-1 501 | 501 29614 | 31824 | 40000 9.9-7 | 9.9-7 | 2.7-6 -2.2-7 | -3.2-7 | -5.5-7 1.86 58:11 | 53:46 | 1:30:16
bqp500-2 501 | 501 36701 | 39134 | 40000 9.9-7 | 9.9-7 | 1.0-5 -5.3-7 | -5.5-7 | -2.7-6 1.83 1:13:31 | 1:09:43 | 1:35:48
bqp500-3 501 | 501 32335 | 34701 | 40000 9.9-7 | 9.9-7 | 6.4-6 2.6-7 | 3.0-7 | -1.2-7 1.81 1:04:42 | 1:01:35 | 1:33:30
bqp500-4 501 | 501 34981 | 36015 | 40000 9.9-7 | 9.9-7 | 1.1-5 2.4-7 | 2.7-7 | -8.9-7 1.80 1:08:24 | 1:02:33 | 1:31:25
bqp500-5 501 | 501 32691 | 35062 | 40000 9.9-7 | 9.9-7 | 4.1-6 -4.3-7 | -4.5-7 | -7.2-7 1.84 1:03:19 | 59:59 | 1:31:10
bqp500-6 501 | 501 35186 | 38019 | 40000 9.9-7 | 9.9-7 | 9.0-6 -3.4-7 | -2.4-7 | -9.0-7 1.84 1:08:32 | 1:05:22 | 1:33:43
bqp500-7 501 | 501 29781 | 31503 | 40000 9.9-7 | 9.9-7 | 7.7-6 -5.0-7 | -4.9-7 | -1.4-6 1.84 58:32 | 54:15 | 1:31:14
bqp500-8 501 | 501 37524 | 40000 | 40000 9.9-7 | 1.0-6 | 5.7-6 2.7-7 | 2.9-7 | -1.1-7 1.84 1:12:37 | 1:07:57 | 1:30:39
bqp500-9 501 | 501 29410 | 31211 | 40000 9.9-7 | 9.9-7 | 3.4-6 -8.0-8 | 2.6-8 | -3.6-7 1.83 57:02 | 53:13 | 1:30:53
bqp500-10 501 | 501 34087 | 35536 | 40000 9.9-7 | 9.9-7 | 8.1-6 -1.2-7 | 3.0-8 | -1.4-6 1.83 1:06:54 | 1:01:14 | 1:33:10
fgka1a 51 | 51 3608 | 3624 | 4369 9.9-7 | 9.9-7 | 9.9-7 -5.0-7 | -4.1-7 | 4.1-7 1.90 09 | 08 | 13
gka2a 61 | 61 2916 | 2307 | 3165 9.9-7 | 9.9-7 | 9.7-7 -3.9-6 | -2.8-6 | 4.3-6 1.90 08 | 06 | 10
gka3a 71 | 71 29627 | 34950 | 40000 9.9-7 | 9.9-7 | 2.6-6 -1.3-6 | -1.5-6| -3.6-6 1.93 1:51 | 1:56 | 2:49
gka4a 81 | 81 5711 | 6227 | 7271 9.4-7 | 9.9-7 | 9.4-7 9.0-8 | 5.4-7 | 3.1-7 1.89 24 | 23 | 34
gka5a 51 | 51 3977 | 3942 | 4918 9.9-7 | 9.8-7 | 9.9-7 -3.2-6 | 4.4-6 | -2.8-6 1.90 11 | 10 | 15
gka6a 31 | 31 2243 | 1943 | 2397 9.8-7 | 9.2-7 | 9.6-7 -2.6-6 | 2.2-6 | 2.0-6 1.90 05 | 03 | 05
gka7a 31 | 31 1567 | 1592 | 1831 9.6-7 | 9.8-7 | 9.9-7 -2.5-6 | 4.1-6 | 3.8-6 1.93 03 | 03 | 04
gka8a 101 | 101 4112 | 3619 | 5151 9.5-7 | 9.5-7 | 9.9-7 3.2-6 | 3.7-6 | 4.8-6 1.89 20 | 16 | 28
gka1b 21 | 21 204 | 184 | 193 9.3-7 | 7.6-7 | 8.9-7 -1.3-5 | -9.9-6 | -1.3-5 1.72 00 | 00 | 00
gka2b 31 | 31 827 | 903 | 1081 8.5-7 | 9.9-7 | 6.7-7 2.2-5 | -2.9-5 | -1.8-5 1.83 02 | 02 | 03
gka3b 41 | 41 276 | 270 | 266 9.1-7 | 8.9-7 | 8.9-7 2.8-5 | -3.3-5 | 3.1-5 1.90 01 | 01 | 01
gka4b 51 | 51 310 | 304 | 332 8.4-7 | 9.8-7 | 8.6-7 3.6-5 | -4.3-5 | 3.5-5 1.79 01 | 01 | 01
gka5b 61 | 61 305 | 273 | 253 8.5-7 | 6.3-7 | 9.6-7 -3.8-5 | 2.9-5 | 4.1-5 1.85 01 | 01 | 01
gka6b 71 | 71 347 | 346 | 406 8.5-7 | 7.4-7 | 9.1-7 4.6-5 | -4.0-5 | 4.7-5 1.87 01 | 01 | 02
gka7b 81 | 81 631 | 629 | 685 9.8-7 | 6.7-7 | 9.0-7 -5.3-5 | 3.8-5 | 4.9-5 1.85 03 | 02 | 03
gka8b 91 | 91 426 | 406 | 459 9.2-7 | 5.2-7 | 4.5-7 5.4-5 | -3.8-5 | 2.7-5 1.83 02 | 02 | 02
gka9b 101 | 101 1064 | 1057 | 1236 8.9-7 | 7.4-7 | 9.2-7 -2.3-5 | -1.7-5 | 2.2-5 1.88 05 | 05 | 07
gka10b 126 | 126 2600 | 2705 | 5001 9.9-7 | 9.9-7 | 9.9-7 -7.3-5 | -7.2-5 | -4.3-6 1.90 21 | 20 | 45
gka1c 41 | 41 1204 | 1362 | 1627 9.9-7 | 9.9-7 | 9.9-7 2.1-6 | 2.8-6 |1.8-6 1.90 03 | 03 | 04
gka2c 51 | 51 3011 | 3031 | 3430 9.8-7 | 9.5-7 | 9.9-7 4.4-6 | -4.2-6 |-2.7-6 1.91 08 | 07 | 10
gka3c 61 | 61 4324 | 3810 | 4877 9.6-7 | 9.5-7 | 9.8-7 3.5-6 | -4.6-6 | 3.0-6 1.86 13 | 10 | 16
gka4c 71 | 71 3210 | 3403 | 4235 9.8-7 | 8.6-7 | 9.7-7 4.2-6 | -1.4-6 | -3.1-6 1.90 12 | 11 | 18
gka5c 81 | 81 4202 | 4444 | 5294 9.6-7 | 9.9-7 | 9.9-7 3.9-6 | -3.9-6 | 1.3-6 1.91 16 | 15 | 23
gka6c 91 | 91 5851 | 5543 | 6624 9.8-7 | 9.8-7 | 9.7-7 4.1-6 | 5.2-6 | -4.2-6 1.90 27 | 22 | 34
gka7c 101 | 101 4239 | 5688 | 5044 9.9-7 | 9.8-7 | 9.9-7 -5.5-6 | -5.0-6 | -5.2-6 1.83 21 | 25 | 29
gka1d 101 | 101 4862 | 3970 | 4241 9.9-7 | 9.8-7 | 9.9-7 4.8-6 | 5.8-6 |-5.1-6 1.90 25 | 20 | 27
gka2d 101 | 101 7832 | 8632 | 13637 9.9-7 | 9.9-7 | 9.9-7 -2.5-7 | -3.8-7 | -2.8-7 1.95 47 | 46 | 1:32
gka3d 101 | 101 14404 | 16133 | 26601 9.9-7 | 9.9-7 | 9.9-7 -2.5-7 | -2.3-7 | -2.1-7 1.95 1:27 | 1:26 | 2:57
gka4d 101 | 101 11088 | 12164 | 21801 9.9-7 | 9.9-7 | 9.8-7 -6.3-7 | -6.3-7 | -5.1-7 1.95 1:06 | 1:05 | 2:32
gka5d 101 | 101 14074 | 15565 | 21522 9.9-7 | 9.9-7 | 9.9-7 -7.1-7 | -6.2-7 | -6.7-7 1.95 1:28 | 1:24 | 2:23
gka6d 101 | 101 18001 | 19699 | 38001 9.9-7 | 9.9-7 | 9.9-7 2.2-7 | 1.2-7 | -4.9-7 1.95 1:46 | 1:45 | 4:13
gka7d 101 | 101 12419 | 13600 | 27201 9.9-7 | 9.9-7 | 9.8-7 -5.3-7 | -6.8-7 | -4.1-7 1.95 1:14 | 1:12 | 3:12
gka8d 101 | 101 13497 | 14514 | 23401 9.9-7 | 9.9-7 | 9.9-7 5.8-7 | 3.7-7 | 9.8-8 1.92 1:20 | 1:17 | 2:35
gka9d 101 | 101 11250 | 12280 | 24501 9.9-7 | 9.9-7 | 9.9-7 -3.7-7 | -5.2-7 | -4.7-7 1.95 1:06 | 1:05 | 2:46
gka10d 101 | 101 12161 | 12945 | 29002 9.9-7 | 9.9-7 | 9.9-7 -1.3-7 | -10.0-8 | -2.1-7 1.91 1:12 | 1:09 | 3:21
gka1e 201 | 201 36678 | 39257 | 40000 9.9-7 | 9.9-7 | 5.8-6 -5.8-7 | -5.2-7 | -3.6-6 1.89 12:57 | 11:44 | 15:03
gka2e 201 | 201 16136 | 17669 | 26801 9.9-7 | 9.9-7 | 9.9-7 -8.9-8 | 1.7-7 | 2.4-7 1.85 5:22 | 5:17 | 10:04
gka3e 201 | 201 17603 | 18336 | 28501 9.9-7 | 9.9-7 | 9.0-7 1.3-7 | 1.9-7 | -3.3-7 1.82 5:51 | 5:27 | 10:46
gka4e 201 | 201 23408 | 23594 | 34942 9.9-7 | 9.9-7 | 9.9-7 1.5-7 | 3.8-7 | -3.5-7 1.71 7:47 | 7:01 | 13:09
gka5e 201 | 201 20382 | 22533 | 35901 9.9-7 | 9.9-7 | 9.9-7 1.2-7 | -9.5-8 | -2.4-7 1.77 6:46 | 6:41 | 13:33
gka1f 501 | 501 28554 | 30561 | 40000 9.9-7 | 9.9-7 | 2.0-6 -5.1-7 | -5.7-7 | 4.4-7 1.88 55:01 | 52:09| 1:30:24
gka2f 501 | 501 32824 | 34038 | 40000 9.9-7 | 9.9-7 | 9.2-6 -3.9-7 | -3.9-7 | -9.4-7 1.74 1:04:31 | 58:51 | 1:32:59
gka3f 501 | 501 33675 | 33852 | 40000 9.9-7 | 9.9-7 | 1.3-5 -3.5-7 | -1.9-7 | -1.1-6 1.68 1:06:35 | 57:33 | 1:31:40
gka4f 501 | 501 32337 | 31282 | 40000 9.9-7 | 9.9-7 | 6.4-6 7.3-8 | 1.2-7 | 2.8-7 1.61 1:04:33 | 53:53 | 1:31:58
gka5f 501 | 501 31829 | 34330 | 40000 9.9-7 | 9.9-7 | 9.3-6 4.9-8 | 9.9-8 | -9.3-7 1.88 1:01:44 | 58:33 | 1:30:28
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